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 This study develops a generalized finite-horizon inventory model that integrates complex demand 
patterns, deterioration, seasonal effects, and stochastic variability within a Monte Carlo–based 
simulation framework in MATLAB. The model incorporates fixed, holding, procurement, 
deterioration, transportation, backordering, and lost sales costs, enabling comprehensive cost 
evaluation. Simulation results show that deterioration and seasonality significantly affect optimal 
replenishment cycles and order quantities, and that the model yields robust cost estimates under 
uncertainty.  Sensitivity analysis further indicates that the base demand rate has the strongest effect 
on cost outcomes, followed by procurement and backorder costs, whereas seasonality and holding 
cost parameters exhibit negligible influence. 
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1. Introduction 

Modern inventory systems operate in increasingly volatile and complex environments, where demand is not only time-
dependent but also shaped by market trends, seasonal variations, promotional activities, and random fluctuations. Many 
products, particularly perishables like food, pharmaceuticals, and chemicals, are subject to deterioration over time, leading to 
reduced value or usability. Consequently, effective inventory management must address a wide range of cost factors beyond 
basic holding and ordering expenses, including deterioration, transportation, backordering, and lost sales due to unmet 
demand. While inventory management plays a critical role in ensuring the smooth functioning of supply chains by balancing 
the conflicting objectives of meeting customer demand and minimizing operational costs, traditional models often rely on 
simplified assumptions such as constant demand, negligible deterioration, and static replenishment policies. In reality, demand 
patterns are often nonlinear, seasonal, and stochastic, and inventory systems face additional complexities arising from 
production constraints and multiple interacting cost components. In response to these challenges, this study proposes a 
dynamic, finite-horizon inventory model that captures the full complexity of real-world demand through a composite function 
integrating linear, quadratic, exponential, power-law, and stochastic components, enabling more accurate cost optimization 
and decision-making under uncertainty (Giri & Chaudhuri, 1997). 

Inventory modelling under demand variability and deterioration has attracted sustained scholarly attention, evolving from 
classical deterministic approaches to more sophisticated frameworks that incorporate non-linear demand, multi-warehouse 
systems, integrated supply chains, and stochastic considerations. Early contributions such as Dave et al. (1981) formulated an 
EOQ model with linearly increasing demand and constant deterioration, reducing to the classical case in the absence of 
deterioration, while Sachan (1984) extended the analysis to time-proportional demand with shortages, and Goyal (1988) 
refined cost formulations to yield more accurate expressions for replenishment intervals. Later, Tripathi et al. (2017) and 
Shukla et al. (2013) introduced linearly time-varying and exponential demand, respectively, whereas Khanra et al. (2003, 
2013) advanced the field by analyzing quadratic demand structures under deterioration, shortages, and credit considerations, 
consistently validating their models through sensitivity analysis. Complementing these, Tyagi (2015), Khurana et al. (2016), 
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and Shah (2017) emphasized stock- and price-sensitive demand, highlighting the role of demand dependency in decision 
making. Research also expanded into multi-warehouse systems, where Ghosh et al. (2011) and Bhunia et al. (2015) analyzed 
two-warehouse models incorporating deterioration, inflation, and transfer costs, while Sharma et al. (2016) optimized costs 
under time-dependent deterioration and ramp-type demand. At the supply chain level, Chaudhary et al. (2016), Soni et al. 
(2018), Sekar et al. (2018), and Khanra et al. (2022) demonstrated the benefits of coordination, VMI, shipment policies, and 
integrated decision making, showing that collaboration enhances overall profitability. More complex scenarios have also been 
examined: Shukla et al. (2016) considered defective production, Mishra (2023) incorporated deterioration, quadratic demand, 
carbon emissions, and partial backlogging under non-repeating replenishment, and Saha et al. (2017) proposed probabilistic 
deterioration distributions that minimize costs. In parallel, stochastic approaches emerged, as in Ai et al. (2020), who studied 
compound Poisson demand processes, signaling the limits of deterministic approximations. Collectively, these contributions 
reveal a steady trajectory from deterministic EOQ-based models toward more realistic frameworks that capture uncertainty, 
supply chain interactions, and environmental considerations. Nevertheless, despite these advances, relatively few studies 
address finite-horizon inventory optimization, and there remains a need to investigate complex stochastic demand with 
deterioration, particularly through simulation-based heuristics. This gap motivates the present work, which develops a Monte 
Carlo simulation-based heuristic framework to bridge theoretical models and practical inventory management under 
uncertainty. 

2. Assumptions and Notations 

In developing the inventory model, we adopt a simulation-based framework that incorporates a wide range of realistic features 
including time-dependent and stochastic demand, deterioration, and detailed cost structures over a finite planning horizon. 
The model evaluates replenishment decisions over multiple cycles by estimating expected costs through Monte Carlo 
simulations. The following assumptions and notations are used throughout the analysis. 
2.1 Assumptions 
Demand Pattern: 
The demand rate 𝐷𝐷(𝑡𝑡) is assumed to be a composite time-dependent function incorporating multiple forms of deterministic 
and stochastic trends. It reflects base demand, linear and quadratic trends, exponential growth, seasonal or long-term drift 
components, and stochastic variability. The full expression is given by: 
 

𝐷𝐷(𝑡𝑡) = 𝛼𝛼 + 𝛽𝛽1𝑡𝑡 + 𝛽𝛽2𝑡𝑡2 +  𝛽𝛽3𝑒𝑒𝑡𝑡 + 𝜌𝜌𝑡𝑡𝑛𝑛 +  𝜖𝜖(𝑡𝑡) 
where  
𝛼𝛼  : Constant (base) demand 
𝛽𝛽1𝑡𝑡  : Linear demand growth 
𝛽𝛽2𝑡𝑡2 ∶Quadratic trend (acceleration/deceleration) 
𝛽𝛽3𝑒𝑒𝑡𝑡 ∶Exponential growth component 
𝜌𝜌𝑡𝑡𝑛𝑛 : Long-term polynomial drift (with ∈ 𝑅𝑅+  ), 
𝜖𝜖(𝑡𝑡): Stochastic noise, modeled as Gaussian white noise 
 
Production and Replenishment: 

During each cycle 𝑘𝑘, replenishment is assumed to occur at a constant rate 𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

 , where: 

𝑄𝑄𝑘𝑘  is the total production or procurement quantity 
𝑇𝑇𝑘𝑘  is the duration of the k-th cycle 
Replenishment is instantaneous at the beginning of each cycle. 
 
Inventory Dynamics: 
 
The inventory level 𝐼𝐼(𝑡𝑡) evolves continuously over time and is governed by the differential equation: 
 

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

=  𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘
− 𝐷𝐷(𝑡𝑡) − 𝜃𝜃𝜃𝜃(𝑡𝑡),  for 𝑡𝑡 ∈ [𝑡𝑡𝑘𝑘−1, 𝑡𝑡𝑘𝑘−1 + 𝑇𝑇𝑘𝑘] 

 
where 𝜃𝜃 is the constant deterioration rate. Inventory loss is proportional to current stock and is irreversible (no repair or 
replenishment of deteriorated items is allowed).  
 
Shortage Handling Scenarios: 
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Two distinct policies are considered for unmet demand: 
 

I. Backorders Allowed: Demand that cannot be met immediately is backlogged and fulfilled later, incurring a penalty 
cost 𝐶𝐶𝑏𝑏 

II. Backorders Not Allowed: Unfulfilled demand is lost permanently, and a lost sales penalty 𝐶𝐶𝑙𝑙 is incurred instead. 
 
Planning Horizon: 
 
The finite planning horizon 𝐿𝐿 is divided into 𝑁𝑁 replenishment cycles. Each cycle may have different 𝑇𝑇𝑘𝑘  and 𝑄𝑄𝑘𝑘. Adjustments 
are made so: 

�𝑇𝑇𝑘𝑘

𝑁𝑁

𝑘𝑘=1

= 𝐿𝐿 

Cost Structure: 
 

The total cost in cycle 𝑘𝑘, denoted 𝑇𝑇𝐶𝐶𝑘𝑘 , includes fixed and variable costs, holding costs, deterioration costs, procurement, 
transportation, and shortage penalties. The expected value 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] is estimated using Monte Carlo simulation. 

2.2 Notations 
 
The symbols and parameters used throughout the model are defined as follows: 
 
Demand Function Parameters: 
 
𝛼𝛼: Constant base-level demand rate. 
𝛽𝛽1 : Coefficient of linear demand growth over time. 
𝛽𝛽2 : Coefficient representing quadratic trend (e.g., acceleration or deceleration in demand). 
𝛽𝛽3 : Coefficient of exponential growth in demand. 
𝜌𝜌 : Coefficient of non-cyclic polynomial trend (e.g., long-term drift). 
𝑛𝑛: Positive real number determining the degree of polynomial trend. 
𝜖𝜖(𝑡𝑡) : Stochastic noise component in demand (e.g., Gaussian white noise). 
𝐷𝐷(𝑡𝑡): Total time-dependent demand function at time 𝑡𝑡. 
 
Inventory System Variables: 
 
𝐼𝐼(𝑡𝑡): Inventory level at time 𝑡𝑡. 
𝑄𝑄𝑘𝑘 : Total quantity produced or procured during cycle 𝑘𝑘. 
𝑇𝑇𝑘𝑘 : Duration (length) of the 𝑘𝑘𝑡𝑡ℎ cycle. 
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

 : Constant production or replenishment rate during cycle 𝑘𝑘. 
𝜃𝜃: Constant deterioration rate per unit inventory per unit time. 
B(t): Backorder level at time 𝑡𝑡, if shortages are allowed. 
𝑡𝑡𝑘𝑘−1  : Start time of the 𝑘𝑘𝑡𝑡ℎcycle. 
Cost Parameters: 
𝐶𝐶𝑓𝑓 : Fixed ordering or setup cost incurred once per cycle. 
𝐶𝐶ℎ : Holding cost per unit inventory per unit time. 
𝐶𝐶𝑝𝑝 : Procurement or production cost per unit. 
𝐶𝐶𝑑𝑑 : Deterioration cost per unit of decayed inventory. 
𝐶𝐶𝑣𝑣 : Variable transportation or shipping cost per unit. 
𝐶𝐶𝑠𝑠 : Fixed transportation or shipping cost per cycle. 
𝐶𝐶𝑏𝑏 : Backordering penalty cost per unit per unit time (if backorders are allowed). 
𝐶𝐶𝑙𝑙 : Lost sales cost per unit of unmet demand (if backorders are not allowed). 
𝑇𝑇𝐶𝐶𝑘𝑘 : Total cost incurred in cycle 𝑘𝑘 

3. Model Development 
The proposed inventory model is designed to analyse a finite planning horizon 𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡   under the influence of stochastic and 
nonlinear demand, as well as inventory deterioration. The horizon is divided into 𝑁𝑁 replenishment cycles, indexed by 𝑘𝑘 =
1,2, … ,𝑁𝑁. Each cycle is characterized by two decision variables: the cycle duration 𝑇𝑇𝑘𝑘 and the replenishment quantity 𝑄𝑄𝑘𝑘. 
These variables are determined heuristically according to the demand pattern, deterioration rate, and cost parameters. 
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3.1 Inventory Structure 
Inventory level 𝐼𝐼(𝑡𝑡) evolves according to the differential equation: 
 

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

=  𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘
− 𝐷𝐷(𝑡𝑡) − 𝜃𝜃𝜃𝜃(𝑡𝑡),  for 𝑡𝑡 ∈ [𝑡𝑡𝑘𝑘−1, 𝑡𝑡𝑘𝑘−1 + 𝑇𝑇𝑘𝑘] 

Here: 
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

 : constant production/replenishment rate, 

𝐷𝐷(𝑡𝑡) : demand rate at time 𝑡𝑡, 
𝜃𝜃𝜃𝜃(𝑡𝑡) : inventory deterioration rate, proportional to the current level. 
 
The initial inventory 𝐼𝐼(𝑡𝑡𝑘𝑘−1) is typically set to zero or to the ending inventory of the previous cycle. This equation is solved 
numerically using a suitable ODE solver to obtain 𝐼𝐼(𝑡𝑡) for each cycle. 
Using the integrating factor 𝜇𝜇(𝑡𝑡) = 𝑒𝑒𝜃𝜃𝜃𝜃 and integrating from 𝑡𝑡𝑘𝑘−1 to 𝑡𝑡 with dummy variable 𝑠𝑠, we obtain 
 

𝐼𝐼(𝑡𝑡) =  𝑒𝑒−𝜃𝜃𝜃𝜃 �𝑒𝑒𝜃𝜃𝑡𝑡𝑘𝑘−1𝐼𝐼(𝑡𝑡𝑘𝑘−1) + � 𝑒𝑒𝜃𝜃𝜃𝜃 � 
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

− 𝐷𝐷(𝑠𝑠)�𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡𝑘𝑘−1
� 

Substituting 𝐷𝐷(𝑠𝑠),  we get: 

𝐼𝐼(𝑡𝑡) =  𝑒𝑒−𝜃𝜃𝜃𝜃 �𝑒𝑒𝜃𝜃𝑡𝑡𝑘𝑘−1𝐼𝐼(𝑡𝑡𝑘𝑘−1) + � 𝑒𝑒𝜃𝜃𝜃𝜃 � 
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

− 𝛼𝛼 − 𝛽𝛽1𝑠𝑠 − 𝛽𝛽2𝑠𝑠2 −  𝛽𝛽3𝑒𝑒𝑠𝑠 − 𝜌𝜌𝑠𝑠𝑛𝑛 −  𝜖𝜖(𝑠𝑠)�𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡𝑘𝑘−1
� 

We can split the integral term-by-term 

𝐼𝐼(𝑡𝑡) =  𝑒𝑒−𝜃𝜃𝜃𝜃 �𝑒𝑒𝜃𝜃𝑡𝑡𝑘𝑘−1𝐼𝐼(𝑡𝑡𝑘𝑘−1) +
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘
�  𝑒𝑒𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡𝑘𝑘−1
 − 𝛼𝛼�  𝑒𝑒𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑

𝑡𝑡

𝑡𝑡𝑘𝑘−1
− 𝛽𝛽1 �  𝑠𝑠 𝑒𝑒𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑

𝑡𝑡

𝑡𝑡𝑘𝑘−1
− 𝛽𝛽2 �  𝑠𝑠2 𝑒𝑒𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑

𝑡𝑡

𝑡𝑡𝑘𝑘−1
−  𝛽𝛽3 �  𝑒𝑒𝑠𝑠 𝑒𝑒𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑

𝑡𝑡

𝑡𝑡𝑘𝑘−1

− 𝜌𝜌� 𝑠𝑠𝑛𝑛 𝑒𝑒𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡𝑘𝑘−1
−  �  𝑒𝑒𝜃𝜃𝜃𝜃 𝜖𝜖(𝑠𝑠)𝑑𝑑𝑑𝑑

𝑡𝑡

𝑡𝑡𝑘𝑘−1
� 

The deterministic part of 𝐼𝐼(𝑡𝑡): 

𝐼𝐼(𝑡𝑡) =  𝑒𝑒−𝜃𝜃𝜃𝜃 �𝑒𝑒𝜃𝜃𝑡𝑡𝑘𝑘−1𝐼𝐼(𝑡𝑡𝑘𝑘−1) + �
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

 − 𝛼𝛼�
𝑒𝑒𝜃𝜃𝜃𝜃 −  𝑒𝑒𝜃𝜃𝑡𝑡𝑘𝑘−1

𝜃𝜃
− 𝛽𝛽1 �

𝑒𝑒𝜃𝜃𝜃𝜃

𝜃𝜃
�𝑡𝑡 −

1
𝜃𝜃
� −  

𝑒𝑒𝜃𝜃𝑡𝑡𝑘𝑘−1
𝜃𝜃

�𝑡𝑡𝑘𝑘−1 −
1
𝜃𝜃
��

− 𝛽𝛽2 �
𝑒𝑒𝜃𝜃𝜃𝜃

𝜃𝜃
�𝑡𝑡2 −  

2𝑡𝑡
𝜃𝜃

+  
2
𝜃𝜃2
� −

𝑒𝑒𝜃𝜃𝑡𝑡𝑘𝑘−1
𝜃𝜃

 �𝑡𝑡𝑘𝑘−12 −
2𝑡𝑡𝑘𝑘−1
𝜃𝜃

+
2
𝜃𝜃2
��  −  𝛽𝛽3

𝑒𝑒(𝜃𝜃+1)𝑡𝑡 −  𝑒𝑒(𝜃𝜃+1)𝑡𝑡𝑘𝑘−1

𝜃𝜃 + 1
− 𝜌𝜌� 𝑠𝑠𝑛𝑛 𝑒𝑒𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑

𝑡𝑡

𝑡𝑡𝑘𝑘−1

−  �  𝑒𝑒𝜃𝜃𝜃𝜃 𝜖𝜖(𝑠𝑠)𝑑𝑑𝑑𝑑
𝑡𝑡

𝑡𝑡𝑘𝑘−1
� 

In handling the last two terms of the inventory level expression, special consideration is required due to their complexity. The 
term 𝜌𝜌∫ 𝑠𝑠𝑛𝑛 𝑒𝑒𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑𝑡𝑡

𝑡𝑡𝑘𝑘−1
 depends on whether 𝑛𝑛 is an integer or a real number. If 𝑛𝑛 is an integer, the integral can be evaluated 

analytically by expanding the polynomial 𝑠𝑠𝑛𝑛  and integrating term-by-term with the exponential function, following the same 
approach used for the lower-order polynomial terms. However, if 𝑛𝑛 is a real (non-integer) value, no simple closed form exists, 
and the integral must be computed numerically to maintain accuracy. The final term, ∫  𝑒𝑒𝜃𝜃𝜃𝜃 𝜖𝜖(𝑠𝑠)𝑑𝑑𝑑𝑑𝑡𝑡

𝑡𝑡𝑘𝑘−1
 , involves the stochastic 

demand component 𝜖𝜖(𝑠𝑠), which by its nature cannot be expressed in closed form. Consequently, this term is always evaluated 
numerically within the Monte Carlo simulation framework, ensuring that random fluctuations in demand are properly captured 
in the inventory dynamics. 

3.2 Cost Function Formulation 
For each replenishment cycle 𝑘𝑘, the total cost 𝑇𝑇𝐶𝐶𝑘𝑘 is composed of multiple elements: 

𝑇𝑇𝐶𝐶𝑘𝑘 = 𝐶𝐶𝑓𝑓 + (𝐶𝐶ℎ + 𝐶𝐶𝑑𝑑𝜃𝜃)� 𝐼𝐼(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑝𝑝𝑄𝑄𝑘𝑘 + 
𝑇𝑇𝑘𝑘

0
𝐶𝐶𝑣𝑣𝑄𝑄𝑘𝑘 + 𝐶𝐶𝑠𝑠 + 𝐶𝐶𝑏𝑏 � 𝐵𝐵(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑙𝑙 � max �0,𝐷𝐷(𝑡𝑡) − 𝐼𝐼(𝑡𝑡)� 𝑑𝑑𝑑𝑑 

𝑇𝑇𝑘𝑘

0

𝑇𝑇𝑘𝑘

0
 

Each component of this cost function is interpreted as follows: 

(𝐶𝐶ℎ + 𝐶𝐶𝑑𝑑𝜃𝜃)∫ 𝐼𝐼(𝑡𝑡)𝑑𝑑𝑑𝑑 𝑇𝑇𝑘𝑘
0 : Total inventory-related costs, combining holding and deterioration costs over the cycle. 

𝐶𝐶𝑝𝑝𝑄𝑄𝑘𝑘 : Procurement or production cost, proportional to the quantity ordered or produced. 
𝐶𝐶𝑣𝑣𝑄𝑄𝑘𝑘 : Variable transportation or shipping cost, also proportional to the order size. 
𝐶𝐶𝑠𝑠 : Fixed transportation or logistics cost per cycle, independent of order size. 
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𝐶𝐶𝑏𝑏 ∫ 𝐵𝐵(𝑡𝑡)𝑑𝑑𝑑𝑑𝑇𝑇𝑘𝑘
0  : Backorder cost accumulated over the cycle (only applies if backordering is allowed). 

𝐶𝐶𝑙𝑙 ∫ max �0,𝐷𝐷(𝑡𝑡) − 𝐼𝐼(𝑡𝑡)� 𝑑𝑑𝑑𝑑 𝑇𝑇𝑘𝑘
0 : Lost sales penalty due to unmet demand (only applies if backorders are not allowed). 

Depending on the inventory policy, either the backorder cost term or lost sales term is included, not both. In full backorder 
scenarios, 𝐶𝐶𝑙𝑙 = 0; conversely, in lost sales regimes, 𝐶𝐶𝑏𝑏 = 0. 
Now cycle-time measured from 0 to 𝑇𝑇𝑘𝑘, initial inventory 𝐼𝐼(0) = 𝐼𝐼𝑘𝑘−1 

𝐼𝐼(𝑡𝑡) =  𝑒𝑒−𝜃𝜃𝜃𝜃 �𝐼𝐼(0) + � 𝑒𝑒𝜃𝜃𝜃𝜃 � 
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

− 𝐷𝐷(𝑠𝑠)�𝑑𝑑𝑑𝑑
𝑡𝑡

0
� 

Swap the order of integration to obtain the compact representation  

� 𝐼𝐼(𝑡𝑡)𝑑𝑑𝑑𝑑 
𝑇𝑇𝑘𝑘

0
=  

𝐼𝐼(0)
𝜃𝜃

�1 − 𝑒𝑒−𝜃𝜃𝑇𝑇𝑘𝑘� +  
1
𝜃𝜃

 � �1 − 𝑒𝑒−𝜃𝜃(𝑇𝑇𝑘𝑘−𝑠𝑠)� � 
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

− 𝐷𝐷(𝑠𝑠)�𝑑𝑑𝑑𝑑
𝑇𝑇𝑘𝑘

0
 

Now substitute  𝐷𝐷(𝑠𝑠) = 𝛼𝛼 + 𝛽𝛽1𝑠𝑠 + 𝛽𝛽2𝑠𝑠2 +  𝛽𝛽3𝑒𝑒𝑠𝑠 + 𝜌𝜌𝑠𝑠𝑛𝑛 +  𝜖𝜖(𝑠𝑠) and evaluate term-by-term. 

Now, (𝐶𝐶ℎ + 𝐶𝐶𝑑𝑑𝜃𝜃)∫ 𝐼𝐼(𝑡𝑡)𝑑𝑑𝑑𝑑 𝑇𝑇𝑘𝑘
0 =  (𝐶𝐶ℎ + 𝐶𝐶𝑑𝑑𝜃𝜃) �𝐼𝐼(0)

𝜃𝜃
�1 − 𝑒𝑒−𝜃𝜃𝑇𝑇𝑘𝑘� +  1

𝜃𝜃
�� 𝑄𝑄𝑘𝑘

𝑇𝑇𝑘𝑘
− 𝛼𝛼� �𝑇𝑇𝑘𝑘 −  1−𝑒𝑒

−𝜃𝜃𝑇𝑇𝑘𝑘

𝜃𝜃
� − 𝛽𝛽1 �

𝑇𝑇𝑘𝑘
2 
2
−  𝑇𝑇𝑘𝑘

𝜃𝜃
+  1

𝜃𝜃2
−

 𝑒𝑒
−𝜃𝜃𝑇𝑇𝑘𝑘

𝜃𝜃2
� − 𝛽𝛽2 �

𝑇𝑇𝑘𝑘
3

3
−  𝑇𝑇𝑘𝑘

2 
𝜃𝜃
−  2𝑇𝑇𝑘𝑘

𝜃𝜃2
+  2

𝜃𝜃3
−  2𝑒𝑒

−𝜃𝜃𝑇𝑇𝑘𝑘

𝜃𝜃3
� − 𝛽𝛽3 �(𝑒𝑒𝑇𝑇𝑘𝑘 − 1) −  𝑒𝑒

𝑇𝑇𝑘𝑘− 𝑒𝑒−𝜃𝜃𝑇𝑇𝑘𝑘  
1+𝜃𝜃

� −  ∫ 𝑠𝑠𝑛𝑛 �1 − 𝑒𝑒−𝜃𝜃(𝑇𝑇𝑘𝑘−𝑠𝑠)� 𝑑𝑑𝑑𝑑𝑇𝑇𝑘𝑘
0  −

 ∫ 𝜖𝜖(𝑠𝑠)�1 − 𝑒𝑒−𝜃𝜃(𝑇𝑇𝑘𝑘−𝑠𝑠)� 𝑑𝑑𝑑𝑑𝑇𝑇𝑘𝑘
0 �� 

The last two terms in the cost expression ∫ 𝑠𝑠𝑛𝑛 �1 − 𝑒𝑒−𝜃𝜃(𝑇𝑇𝑘𝑘−𝑠𝑠)� 𝑑𝑑𝑑𝑑𝑇𝑇𝑘𝑘
0  and ∫ 𝜖𝜖(𝑠𝑠)�1 − 𝑒𝑒−𝜃𝜃(𝑇𝑇𝑘𝑘−𝑠𝑠)� 𝑑𝑑𝑑𝑑𝑇𝑇𝑘𝑘

0  require special 
consideration. For the polynomial power term, If 𝑛𝑛 is a nonnegative integer, a closed-form solution can be obtained through 
repeated integration by parts, resulting in expressions involving polynomials in 𝑇𝑇𝑘𝑘𝜃𝜃−1 and exponential terms 𝑒𝑒−𝜃𝜃𝑇𝑇𝑘𝑘 . . If 𝑛𝑛 is 
non-integer, the integral can be expressed in terms of the incomplete gamma function or evaluated using high-accuracy 
numerical quadrature. For the stochastic term, the integral is path-dependent and must be handled via Monte Carlo simulation: 
for each simulated demand path 𝜀𝜀𝑚𝑚(𝑠𝑠), the integral is computed numerically—such as with the trapezoidal rule over the time 
grid—and the cycle costs 𝑇𝑇𝑇𝑇𝑘𝑘

(𝑚𝑚) are averaged across simulations to obtain the expected cost  𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘]. 

Furthermore, the backorder cost term 𝐶𝐶𝑏𝑏 ∫ 𝐵𝐵(𝑡𝑡)𝑑𝑑𝑑𝑑𝑇𝑇𝑘𝑘
0  and the lost sales cost term 𝐶𝐶𝑙𝑙 ∫ max �0,𝐷𝐷(𝑡𝑡) − 𝐼𝐼(𝑡𝑡)� 𝑑𝑑𝑑𝑑 𝑇𝑇𝑘𝑘

0  involve the 
nonlinear max function combined with stochastic demand, which prevents closed-form integration. These terms, along with 
the polynomial power and stochastic components in the holding-and-deterioration cost, necessitate reliance on numerical 
simulation and heuristic adjustment rather than analytic gradient-based optimization. In this framework, Monte Carlo 
simulation is employed to approximate the expected total cost 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘], where multiple stochastic realizations of  𝜖𝜖(𝑡𝑡) are 
generated to compute 𝐷𝐷(𝑡𝑡), 𝐼𝐼(𝑡𝑡), and the associated cost components for each simulated demand path, followed by averaging 
the cycle costs over all simulations. 

3.3 Objective 
The objective of the proposed inventory model is to estimate the total expected cost per unit time over a finite planning 
horizon𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , considering stochastic demand and inventory deterioration. The horizon is divided into 𝑁𝑁 replenishment cycles, 
each defined by a duration 𝑇𝑇𝑘𝑘 and order quantity 𝑄𝑄𝑘𝑘. For each cycle, the expected cost 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] is evaluated through numerical 
integration of the cost function, and replenishment quantities are obtained heuristically. The model ensures ∑ 𝑇𝑇𝑘𝑘𝑁𝑁

𝑘𝑘=1 = 𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  
and computes the average cost per unit time as 1

𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
∑ 𝑇𝑇𝑇𝑇𝑘𝑘𝑁𝑁
𝑘𝑘=1  Rather than solving a closed-form optimization problem, the 

framework uses numerical simulation to analyze cost behavior and conduct sensitivity analysis under complex, nonlinear, and 
stochastic demand conditions. 

4. Solution Procedure 
In each replenishment cycle 𝑘𝑘, the decision variables are the production quantity 𝑄𝑄𝑘𝑘   and the cycle length 𝑇𝑇𝑘𝑘 . Given the 
nonlinear and stochastic structure of the demand function 𝐷𝐷(𝑡𝑡), along with the time-varying nature of inventory behaviour, a 
closed-form analytical solution is not tractable. Therefore, a simulation-based approach is adopted, employing Monte Carlo 
techniques to approximate the expected total cost over each replenishment cycle. 

4.1 Inventory Dynamics under uncertainty 
 
The inventory level 𝐼𝐼(𝑡𝑡) evolves over the cycle duration [𝑡𝑡𝑘𝑘−1, 𝑡𝑡𝑘𝑘−1 + 𝑇𝑇𝑘𝑘] according to the first-order differential equation: 

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

=  
𝑄𝑄𝑘𝑘
𝑇𝑇𝑘𝑘

− 𝐷𝐷(𝑡𝑡) − 𝜃𝜃𝜃𝜃(𝑡𝑡) 

with initial condition 𝐼𝐼(𝑡𝑡𝑘𝑘−1 = 𝐼𝐼0), or the ending inventory of the previous cycle. Here, 𝐷𝐷(𝑡𝑡) includes a stochastic term, 
modeled as: 
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𝐷𝐷(𝑡𝑡) = 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡) +  𝜖𝜖(𝑡𝑡),    𝜖𝜖(𝑡𝑡)~𝑁𝑁(0,𝜎𝜎2), 
where 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡) is the deterministic component of demand and 𝜖𝜖(𝑡𝑡) is Gaussian white noise. 
This ODE is solved numerically using built-in solvers (e.g., Runge-Kutta via ode45), and the resulting inventory trajectory 
𝐼𝐼(𝑡𝑡) is used to evaluate the expected cost: 

𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] = 𝐸𝐸 �𝐶𝐶𝑓𝑓 + (𝐶𝐶ℎ + 𝐶𝐶𝑑𝑑𝜃𝜃)� 𝐼𝐼(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑝𝑝𝑄𝑄𝑘𝑘 + 
𝑇𝑇𝑘𝑘

0
𝐶𝐶𝑣𝑣𝑄𝑄𝑘𝑘 + 𝐶𝐶𝑠𝑠 + 𝐶𝐶𝑏𝑏 � 𝐵𝐵(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑙𝑙 � max �0,𝐷𝐷(𝑡𝑡) − 𝐼𝐼(𝑡𝑡)� 𝑑𝑑𝑑𝑑 

𝑇𝑇𝑘𝑘

0

𝑇𝑇𝑘𝑘

0
 � 

Monte Carlo simulation is used to generate multiple realizations of  𝜖𝜖(𝑡𝑡), from which the expectation 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] is estimated. 

4.2 Simulation-Based Estimation Procedure 

Instead of a closed-form optimization, the model uses a simulation-based adaptive approach, where cycle duration 𝑇𝑇𝑘𝑘  is 
iteratively adjusted using cost feedback from Monte Carlo simulations. This enables the policy to adapt to stochastic demand 
and deterioration effects without relying on explicit analytical derivatives. 

Step 1: Initialization 

Set an initial guess for 𝑇𝑇𝑘𝑘 for each cycle 𝑘𝑘 based on the planning horizon 𝐿𝐿 and the expected demand pattern. This can be 
done by dividing 𝐿𝐿 into 𝑁𝑁 initial segments and then slightly perturbing the values according to historical variability. The initial 
production quantity is computed as: 

𝑄𝑄𝑘𝑘 = 1.05 ×  ∫ 𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑  (𝑡𝑡 + 𝑅𝑅𝑘𝑘−1)𝑑𝑑𝑑𝑑𝑇𝑇𝑘𝑘
0  , 

where 𝑅𝑅𝑘𝑘−1  is the accumulated time until the start of cycle 𝑘𝑘 , and the factor 1.05  provides a buffer against stochastic 
fluctuations. 

Step 2: Monte Carlo Simulation 

For each cycle, 𝑀𝑀 stochastic demand trajectories are generated according to 

𝐷𝐷(𝑚𝑚)(𝑡𝑡) =  𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡) +  𝜖𝜖(𝑚𝑚)(𝑡𝑡) 

Where 𝜖𝜖(𝑚𝑚)(𝑡𝑡) is a Gaussian noise process with zero mean and specified standard deviation.  
For each path, numerically solve the inventory differential equation and evaluate the total cost for the given 𝑇𝑇𝑘𝑘 and 𝑄𝑄𝑘𝑘. The 
average across all 𝑀𝑀 simulations yields an estimate of 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘]. 

Step 3: Adaptive Cycle Adjustment 

To improve performance, 𝑇𝑇𝑘𝑘 is updated based on the relative change in expected total cost between successive cycles: 𝑇𝑇𝑘𝑘′ ←
max �0.05, 𝑇𝑇𝑘𝑘 ×  �1 −  𝛼𝛼 ×  �𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘]− 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘−1]

𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘−1]
��� 

where 𝛼𝛼 is a learning rate that controls adjustment magnitude. A positive derivative reduces 𝑇𝑇𝑘𝑘  (shorter cycles to reduce 
holding costs), while a negative derivative increases 𝑇𝑇𝑘𝑘  (longer cycles to reduce setup costs). The production quantity is 
updated proportionally: 

𝑄𝑄𝑘𝑘′ =  𝑄𝑄𝑘𝑘 ×  �
𝑇𝑇𝑘𝑘′

𝑇𝑇𝑘𝑘
� 

Step 4: Horizon Adjustment 

After all cycles have been computed, the sum of adjusted durations ∑ 𝑇𝑇𝑘𝑘𝑁𝑁
𝑘𝑘=1  may differ from 𝐿𝐿. To restore feasibility, all 𝑇𝑇𝑘𝑘  

values are scaled proportionally so that 

�𝑇𝑇𝑘𝑘

𝑁𝑁

𝑘𝑘=1

=  𝐿𝐿 

and 𝑄𝑄𝑘𝑘  values are scaled accordingly. This ensures that the entire planning horizon is covered without altering the relative 
timing of cycles. 

 

4.3 Finite Horizon Consideration 

In real-world inventory systems, operations are planned over a finite horizon 𝐿𝐿 (e.g., a financial year, a project timeline, or a 
seasonal demand cycle). When cycle durations 𝑇𝑇𝑘𝑘  are adjusted adaptively based on simulation feedback, the cumulative cycle 
time ∑ 𝑇𝑇𝑘𝑘𝑁𝑁

𝑘𝑘=1   may no longer equal 𝐿𝐿. To maintain feasibility, after all 𝑁𝑁 cycles have been simulated and adjusted, the set {𝑇𝑇𝑘𝑘} 
is proportionally scaled so that the total exactly equals 𝐿𝐿. This proportional scaling is applied uniformly to all cycles, ensuring 
that the relative differences in 𝑇𝑇𝑘𝑘 resulting from cost feedback are preserved while guaranteeing full utilization of the horizon. 
In this implementation, the scaling is performed once at the end of the procedure rather than after each cycle, and no special 
adjustment is applied solely to the last cycle. 
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5. Numerical Results and Analysis 

The applicability of the proposed generalized finite-horizon inventory model was examined through numerical experiments 
using the following baseline parameter set: α =  1000, 𝛽𝛽1 =  100, 𝛽𝛽2 =  20,𝛽𝛽3 =  0.01,𝜌𝜌 =  10,𝜔𝜔 =  𝜋𝜋,𝜑𝜑 =  0, 𝜃𝜃 =
 0.03,𝐶𝐶𝑓𝑓 =  200,𝐶𝐶ℎ =  5,  𝐶𝐶𝑑𝑑 =  15,𝐶𝐶𝑝𝑝 =  10,   𝐶𝐶𝑣𝑣 =  2,𝐶𝐶𝑠𝑠 =  50,𝐶𝐶𝑏𝑏 =  8,𝐶𝐶𝑙𝑙 =  20, 𝐿𝐿 =  3,𝑁𝑁 =  12, 𝜀𝜀_𝑎𝑎𝑎𝑎𝑎𝑎 =
 10, 𝑎𝑎𝑎𝑎𝑎𝑎 𝑛𝑛_𝑡𝑡 =  100. To ensure reproducibility of the simulation results, a fixed random seed rng(1) was employed. The 
demand exponent parameter was set to 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒  =  1.5. The planning horizon 𝐿𝐿 was divided into 𝑁𝑁 equal initial cycles, and both 
constant and generalized stochastic demand functions were simulated. For the stochastic case, a Monte Carlo approach was 
applied to capture variability in demand realizations. The results, including cycle-wise expected total costs and detailed 
performance metrics, are reported in the subsequent tables. The results in Table 1 present the cycle-wise expected total cost 
(𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘]) for a constant demand function over a finite planning horizon. Each cycle has a fixed duration (𝑇𝑇𝑘𝑘) of 0.25 units, 
and the optimal order quantity (𝑄𝑄𝑘𝑘) remains consistently close to 262.5 units. This stability in both 𝑇𝑇𝑘𝑘 and 𝑄𝑄𝑘𝑘 reflects the 
deterministic nature of constant demand, where the replenishment policy maintains uniformity across cycles. The slight 
differences between the baseline expected total cost (𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘]) and the adjusted cost (𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ]) are due to numerical rounding 
and small-scale computational adjustments. These marginal variations, typically within a range of 1 to 2 cost units, indicate 
that the cost function is relatively insensitive to such minor fluctuations under constant demand.  Moreover, the adjusted 
replenishment quantity (𝑄𝑄𝑘𝑘′ ) is virtually identical to 𝑄𝑄𝑘𝑘, confirming that parameter perturbations or sensitivity adjustments 
have negligible influence on order size in this demand setting.  

Table 1  
Cycle-wise Expected Total Cost under Constant Demand function 

Cycle Start Time 𝑇𝑇𝑘𝑘 𝑄𝑄𝑘𝑘 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] 𝑇𝑇𝑘𝑘′ 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] 𝑄𝑄𝑘𝑘′  
1 0 0.25 262.5 10365.4145 0.25 10364.5771 262.4991 
2 0.25 0.25 262.5 10363.563 0.25 10364.3907 262.5038 
3 0.5 0.25 262.5047 10366.6025 0.25 10365.0794 262.4961 
4 0.75 0.25 262.497 10364.4083 0.25 10365.5313 262.5017 
5 1 0.25 262.5025 10365.3053 0.25 10364.5274 262.4994 
6 1.25 0.25 262.5003 10364.477 0.25 10366.2721 262.5015 
7 1.5 0.25 262.5024 10364.7183 0.25 10364.5496 262.5009 
8 1.75 0.25 262.5018 10364.4698 0.25 10365.8626 262.5015 
9 2 0.25 262.5024 10364.9246 0.25 10364.3012 262.5004 

10 2.25 0.25 262.5012 10365.531 0.25 10364.6161 262.4988 
11 2.5 0.25 262.4997 10365.4498 0.25 10364.0621 262.499 
12 2.75 0.25 262.4999 10365.9865 0.25 10366.0824 262.4977 

Under the linear demand setting, the replenishment policy exhibits a steadily increasing trend in both order quantity and total 
cost as cycles progress. The order quantity rises from about 265.8 units in the first cycle to more than 330 units by the twelfth, 
directly reflecting the time-dependent growth in demand (see table 2). This adjustment ensures that the system continues to 
satisfy demand while maintaining inventory balance. A similar progression is observed in the expected total cost, which 
increases from roughly 10,488 to nearly 12,984 across the horizon. Despite this upward trend, the cycle durations remain 
nearly constant at 0.25 units of time, with only marginal adjustments that have negligible effect on overall performance. 
Moreover, the adjusted order quantities and costs remain closely aligned with their baseline counterparts, indicating that the 
model remains stable and reliable even under the upward trend in demand. 

Table 2 
Cycle-wise Expected Total Cost under Linear Demand function 

Cycle Start Time 𝑇𝑇𝑘𝑘 𝑄𝑄𝑘𝑘 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] 𝑇𝑇𝑘𝑘′ 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] 𝑄𝑄𝑘𝑘′  
1 0 0.25 265.7813 10487.55 0.2528 10489.27 268.7955 
2 0.25 0.25 272.3438 10741.29 0.2522 10713.99 274.766 
3 0.4994 0.2494 278.2077 10967.31 0.2517 10944.94 280.7709 
4 0.7483 0.2489 284.1188 11196.21 0.2512 11173.37 286.7413 
5 0.9966 0.2484 289.9952 11420.8 0.2507 11399.47 292.6958 
6 1.2445 0.2479 295.8572 11647.77 0.2502 11624.89 298.618 
7 1.4918 0.2474 301.6875 11872.98 0.2497 11850.78 304.5191 
8 1.7387 0.2469 307.4978 12096.48 0.2492 12073.27 310.3998 
9 1.9851 0.2464 313.2887 12320.34 0.2488 12297.69 316.2554 

10 2.2311 0.246 319.0552 12541.82 0.2483 12518.9 322.0936 
11 2.4766 0.2455 324.8053 12761.71 0.2479 12741.74 327.9131 
12 2.7217 0.2451 330.5375 12984.4 0.2474 12962.45 333.7029 

 

Compared with constant and linear demand scenarios, the generalized stochastic demand case presents the most realistic and 
practically relevant behaviour, as it integrates nonlinear growth, random fluctuations, and deterioration effects simultaneously. 
In real-world supply chains, demand rarely follows a smooth trajectory; instead, it reflects seasonality, market volatility, 
consumer behavior, and random shocks. Table 3 shows this complexity: both cycle duration (𝑇𝑇𝑘𝑘) and order quantity (𝑄𝑄𝑘𝑘) 
exhibit a steady and systematic increase across the horizon, driven by cumulative stochastic variability and compounding 
deterioration. The replenishment quantity 𝑄𝑄𝑘𝑘  rises from approximately 266 units in the first cycle to nearly 379 units by the 



 324 

twelfth cycle, highlighting the need for progressively larger orders to buffer against rising uncertainty. Similarly, the expected 
total cost 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] grows from about 10,497 in the first cycle to over 14,853 by the last cycle, reflecting the escalating cost 
burden in later periods as variability accumulates. The adjusted cycle durations 𝑇𝑇𝑘𝑘′  are marginally longer than their baseline 
counterparts, producing slightly larger adjusted order sizes 𝑄𝑄𝑘𝑘′ , which follow the same upward trend. Importantly, the adjusted 
costs 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] remain closely aligned with baseline costs, confirming that the Monte Carlo framework captures demand 
uncertainty robustly while ensuring numerical stability.  

Table 3   
Cycle-wise Results under Generalized Stochastic Demand Using Monte Carlo Simulation 

Cycle Start Time 𝑇𝑇𝑘𝑘 𝑄𝑄𝑘𝑘 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] 𝑇𝑇𝑘𝑘′ 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] 𝑄𝑄𝑘𝑘′  
1 0 0.25 266.0249 10497.1194 0.2543 10499.1938 270.5534 
2 0.25 0.25 273.7244 10793.5053 0.2535 10762.5964 277.598 
3 0.4993 0.2493 281.4577 11092.3381 0.2528 11061.2604 285.4564 
4 0.7479 0.2486 289.9379 11418.2188 0.2521 11383.5925 294.0072 
5 0.9958 0.2479 299.0589 11769.3905 0.2513 11734.3448 303.2143 
6 1.2429 0.2471 308.7959 12144.9211 0.2505 12106.8641 313.0505 
7 1.4892 0.2463 319.1271 12542.9612 0.2497 12500.7544 323.4959 
8 1.7347 0.2455 330.0363 12963.2737 0.2489 12921.0342 334.5297 
9 1.9794 0.2447 341.505 13405.6372 0.248 13358.2131 346.1332 

10 2.2233 0.2439 353.5162 13865.41 0.2472 13821.2481 358.301 
11 2.4663 0.243 366.0671 14350.4406 0.2463 14300.4388 370.9963 
12 2.7085 0.2422 379.1203 14853.8836 0.2454 14802.14 384.2214 

 

6. Sensitivity analysis 

In the sensitivity analysis, key parameters were systematically varied by ±20% and ±50% from their baseline values to 
examine how fluctuations in demand growth rates (𝛼𝛼,𝛽𝛽1,𝛽𝛽2,𝛽𝛽3) , seasonal amplitude (𝜌𝜌) , and major cost components 
�𝐶𝐶𝑓𝑓 ,𝐶𝐶ℎ,𝐶𝐶𝑝𝑝,𝐶𝐶𝑏𝑏�  influence replenishment cycle metrics such as cycle length (𝑇𝑇𝑘𝑘) , replenishment quantity (𝑄𝑄𝑘𝑘) , and the 
expected total cost (𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘]). Results confirm that the demand scaling parameter α exerts the most pronounced influence on 
replenishment cycle outcomes. In the 5th cycle, a +20% increase in α raises the order quantity (𝑄𝑄ₖ) from 351.6 to 355.8 units 
and increases the expected total cost (𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘]) by approximately 17%, while a +50% increase produces a surge of about 
43%. Conversely, reductions of −20% and −50% result in cost decreases of 17% and 43%, respectively. These results 
confirm α’s dominant role, as it directly scales baseline demand and proportionally drives replenishment quantities and 
associated costs. Moreover, the analysis highlights that shorter cycles (lower Tₖ) tend to amplify sensitivity effects, since 
demand shocks are more immediately transmitted into replenishment frequency and cost, whereas in longer cycles the impact 
is relatively dampened due to averaging over a broader horizon (see Table 4). 
 
Table 4  
Impact of ±20% and ±50% Changes in Parameter  α, β1, β2, β3 and Cb on Replenishment Cycle Metrics 

Parameter 
Change in 
Parameter 

(%) 
Cycle 𝑇𝑇𝑘𝑘 𝑄𝑄𝑘𝑘 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] 𝑇𝑇𝑘𝑘′ 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] 𝑄𝑄𝑘𝑘′  

Change in  
𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] (%) 

Change in  
𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] (%) 

𝛼𝛼 

+20 5 0.2482 351.6186 13794.7687 0.2512 13759.6663 355.7952 17.21 17.26 
+20 11 0.244 419.1049 16393.9534 0.2468 16343.7326 423.8888 14.24 14.29 
+50 5 0.2485 430.4296 16831.5061 0.251 16796.3074 434.6309 43.01 43.14 
+50 11 0.245 498.4206 19450.1294 0.2473 19399.6019 503.0519 35.54 35.66 
-20 5 0.2474 246.4716 9743.0568 0.2515 9708.0122 250.6003 -17.22 -17.27 
-20 11 0.2417 312.8088 12298.376 0.2456 12248.7896 317.9435 -14.30 -14.35 
-50 5 0.246 167.4768 6699.2174 0.252 6664.3806 171.5517 -43.08 -43.21 
-50 11 0.2381 232.068 9187.541 0.244 9139.2655 237.7444 -35.98 -36.09 

𝛽𝛽1 

+20 5 0.2476 304.4739 11977.6021 0.2514 11937.9299 309.1688 1.77 1.73 
+20 11 0.2423 377.9335 14807.3004 0.246 14753.2148 383.6598 3.18 3.17 
+50 5 0.2471 312.5672 12288.7058 0.2515 12242.0077 318.0786 4.41 4.33 
+50 11 0.2414 395.6063 15487.9248 0.2456 15427.3323 402.5717 7.93 7.88 
-20 5 0.2482 293.6278 11560.7145 0.2512 11530.215 297.2471 -1.77 -1.74 
-20 11 0.2437 354.1299 13890.6505 0.2466 13845.0186 358.287 -3.20 -3.18 
-50 5 0.2487 285.449 11246.243 0.2511 11222.692 288.2728 -4.44 -4.36 
-50 11 0.2449 336.0813 13195.6785 0.2471 13156.538 339.1304 -8.05 -8.00 

𝛽𝛽2 

+20 5 0.2478 300.2869 11816.5942 0.2514 11779.5101 304.6525 0.40 0.38 
+20 11 0.2427 372.2626 14588.7605 0.2461 14534.2087 377.4795 1.66 1.63 
+50 5 0.2477 302.1271 11887.0545 0.2516 11847.1673 306.8057 1.00 0.96 
+50 11 0.2421 381.5083 14944.3088 0.2457 14883.1996 387.1667 4.14 4.08 
-20 5 0.2479 297.8298 11722.3069 0.2512 11689.1625 301.7731 -0.40 -0.39 
-20 11 0.2434 359.8454 14111.0857 0.2465 14065.5959 364.4925 -1.67 -1.64 
-50 5 0.248 295.9837 11651.4936 0.2511 11621.1635 299.6061 -1.00 -0.96 
-50 11 0.2439 350.4608 13750.1524 0.2469 13711.1961 354.6958 -4.18 -4.12 
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Table 4  
Impact of ±20% and ±50% Changes in Parameter  α, β1, β2, β3 and Cb on Replenishment Cycle Metrics (Continued) 

Parameter 
Change in 
Parameter 

(%) 
Cycle 𝑇𝑇𝑘𝑘 𝑄𝑄𝑘𝑘 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] 𝑇𝑇𝑘𝑘′ 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] 𝑄𝑄𝑘𝑘′  

Change in  
𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] (%) 

Change in  
𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] (%) 

𝛽𝛽3 

+20 5 0.2479 299.0601 11769.4878 0.2513 11734.3491 303.2159 0.00 0.00 
+20 11 0.243 366.0732 14350.6389 0.2463 14300.5713 371.0029 0.00 0.00 
+50 5 0.2479 299.0626 11769.6195 0.2513 11734.5562 303.2184 0.00 0.00 
+50 11 0.243 366.0827 14351.0445 0.2463 14301.0261 371.0125 0.00 0.00 
-20 5 0.2479 299.0572 11769.3258 0.2513 11734.2535 303.2126 0.00 0.00 
-20 11 0.243 366.0609 14350.1661 0.2463 14300.1355 370.9898 0.00 0.00 
-50 5 0.2479 299.0548 11769.2226 0.2513 11734.2546 303.21 0.00 0.00 
-50 11 0.243 366.0512 14349.8492 0.2463 14299.9299 370.98 0.00 0.00 

𝐶𝐶𝑏𝑏 

+20 5 0.2479 299.0563 12221.8223 0.2513 12185.3876 303.2153 3.84 3.84 
+20 11 0.243 366.0582 14904.0592 0.2463 14852.0476 370.991 3.86 3.86 
+50 5 0.2479 299.0536 12900.6332 0.2513 12862.1343 303.2162 9.61 9.61 
+50 11 0.243 366.0458 15734.5152 0.2463 15679.3815 370.9836 9.64 9.64 
-20 5 0.2479 299.0613 11316.9351 0.2513 11283.1652 303.2134 -3.84 -3.84 
-20 11 0.243 366.0768 13796.774 0.2463 13748.79 371.0023 -3.86 -3.86 
-50 5 0.2479 299.0653 10638.2176 0.2513 10606.6416 303.212 -9.61 -9.61 
-50 11 0.243 366.0928 12966.3463 0.2463 12921.3155 371.0119 -9.64 -9.64 

 

Table 5 
Impact of ±20% and ±50% Changes in Parameter Cf , Ch, Cp and ρ on Replenishment Cycle Metrics 

Parameter 
Change in 
Parameter 

(%) 
Cycle 𝑇𝑇𝑘𝑘 𝑄𝑄𝑘𝑘 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] 𝑇𝑇𝑘𝑘′ 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] 𝑄𝑄𝑘𝑘′  

Change in  
𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] (%) 

Change in  
𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘′ ] (%) 

𝐶𝐶𝑓𝑓 

+20 5 0.2479 299.0684 11809.8474 0.2513 11774.8444 303.2108 0.34 0.35 
+20 11 0.243 366.1054 14391.9456 0.2463 14341.9258 371.0189 0.29 0.29 
+50 5 0.2479 299.0827 11870.3861 0.2513 11835.4814 303.2059 0.86 0.86 
+50 11 0.2431 366.1628 14454.0335 0.2463 14404.3017 371.0529 0.72 0.73 
-20 5 0.2479 299.0492 11729.0444 0.2513 11693.8066 303.2176 -0.34 -0.35 
-20 11 0.243 366.0287 14309.0306 0.2463 14258.8357 370.9734 -0.29 -0.29 
-50 5 0.2479 299.0346 11668.4618 0.2513 11633.164 303.2227 -0.86 -0.86 
-50 11 0.243 365.97 14246.752 0.2463 14196.3535 370.9391 -0.72 -0.73 

𝐶𝐶ℎ 

+20 5 0.2479 299.0587 11771.4284 0.2513 11736.3397 303.2141 0.02 0.02 
+20 11 0.243 366.0669 14352.8103 0.2463 14302.7958 370.9964 0.02 0.02 
+50 5 0.2479 299.0586 11774.3466 0.2513 11739.2368 303.2142 0.04 0.04 
+50 11 0.243 366.0666 14356.4041 0.2463 14306.3222 370.9963 0.04 0.04 
-20 5 0.2479 299.0588 11767.4306 0.2513 11732.4151 303.2143 -0.02 -0.02 
-20 11 0.243 366.0671 14348.0294 0.2463 14297.9931 370.9964 -0.02 -0.02 
-50 5 0.2479 299.0588 11764.5125 0.2513 11729.4767 303.2143 -0.04 -0.04 
-50 11 0.243 366.0674 14344.5004 0.2463 14294.4772 370.9964 -0.04 -0.04 

𝐶𝐶𝑝𝑝 

+20 5 0.2479 299.0559 12367.3771 0.2513 12330.4715 303.2154 5.08 5.08 
+20 11 0.243 366.0551 15082.0348 0.2463 15029.4093 370.9894 5.10 5.10 
+50 5 0.2479 299.0518 13264.4523 0.2513 13224.6045 303.2165 12.70 12.70 
+50 11 0.243 366.0388 16179.63 0.2463 16123.0364 370.9798 12.75 12.75 
-20 5 0.2479 299.0623 11171.4389 0.2513 11138.2811 303.2131 -5.08 -5.08 
-20 11 0.243 366.0806 13618.757 0.2463 13571.3862 371.0042 -5.10 -5.10 
-50 5 0.2479 299.0678 10274.4781 0.2513 10243.98 303.2111 -12.70 -12.70 
-50 11 0.243 366.1038 12521.304 0.2463 12477.6839 371.0176 -12.75 -12.75 

𝜌𝜌 

+20 5 0.2478 299.6343 11791.5081 0.2513 11755.7693 303.8641 0.19 0.18 
+20 11 0.2429 367.9845 14424.1384 0.2462 14373.3155 373.0215 0.51 0.51 
+50 5 0.2478 300.4975 11824.6876 0.2514 11787.7824 304.8384 0.47 0.46 
+50 11 0.2427 370.8565 14534.6622 0.2461 14482.1899 376.0559 1.28 1.27 
-20 5 0.2479 298.483 11747.1981 0.2513 11712.8869 302.5644 -0.19 -0.18 
-20 11 0.2431 364.148 14276.5526 0.2464 14227.6118 368.9698 -0.51 -0.51 
-50 5 0.248 297.6188 11714.099 0.2513 11680.9321 301.5883 -0.47 -0.46 
-50 11 0.2433 361.2632 14165.5462 0.2464 14118.1249 365.9264 -1.29 -1.27 

In the same cycle, changes in 𝛽𝛽1 have a moderate impact on replenishment performance, with a +20% and +50% increase 
raising the expected total cost by approximately 1.77% and 4.41%, respectively, while −20% and −50% reductions lower 
costs by 1.77% and 4.48%. Although these effects are less pronounced than those of the baseline demand parameter 𝛼𝛼,𝛽𝛽1 
contributes to demand escalation over time and moderately influences replenishment quantities and costs, particularly in 
longer cycles where the cumulative effect of growth becomes more evident. In contrast, variations in the quadratic demand 
parameter 𝛽𝛽2  produce only negligible changes, with expected total costs shifting by less than 1% even under ±50% 
deviations.  Similarly, variations in 𝛽𝛽3 yield no meaningful effect, as expected costs remain nearly unchanged; this suggests 
that the exponential demand component is not dominant within the chosen parameterization. 
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Finally, the backorder penalty cost 𝐶𝐶𝑏𝑏  shows measurable sensitivity. A +20% and +50% increase in 𝐶𝐶𝑏𝑏  raises 𝐸𝐸[𝑇𝑇𝐶𝐶𝑘𝑘] by 
3.86% and 9.64%, respectively, while reductions of −20%  and −50%  lower costs by the same proportions. Although 
replenishment quantities remain largely unaffected, the cost response highlights the financial burden of backorders, 
emphasizing that shortage-related parameters must be carefully managed in practice. 

On the other hand, variations in the fixed ordering cost �𝐶𝐶𝑓𝑓� and holding cost (𝐶𝐶ℎ) produce negligible effects, with expected 
total cost changes remaining below 1% even under ±50% deviations (see Table 5). Under baseline conditions, these 
components play only a minor role in shaping overall system behaviour. By contrast, the procurement cost �𝐶𝐶𝑝𝑝� exerts a more 
substantial influence: a +20% increase raises total costs by approximately 5.1%, while a +50% increase results in a surge of 
about 12.7%, with corresponding decreases observed under negative variations. Because procurement cost applies uniformly 
to every replenished unit, its effect scales directly with order quantity, making it a critical determinant of total expenditure. 
Seasonal amplitude (𝜌𝜌), in comparison, shows only a modest impact, with cost variations limited to ±1.3% under ±50% 
changes. 

7. Conclusion  

This study developed a generalized finite-horizon inventory model capable of capturing the complexity of demand patterns, 
deterioration effects, seasonal fluctuations, and stochastic variability within a Monte Carlo–based simulation framework 
implemented in MATLAB. In reality, demand is inherently complex and better represented by a combination of multiple 
functional components, constant, linear, quadratic, exponential, and seasonal terms, augmented with stochastic fluctuations, 
as modelled here. Such complexities are common across industries: fashion and consumer electronics experience seasonal 
and trend-driven demand spikes, agricultural and pharmaceutical products face perishability and market volatility, while 
industrial goods often encounter irregular bulk orders and unpredictable lead times. 

The proposed model integrates multiple cost components fixed, holding, procurement, deterioration, transportation, 
backordering, and lost sales, offering a realistic and comprehensive cost assessment over the planning horizon. In practice, 
deterioration and seasonality are unavoidable: fresh produce and chemicals degrade over time, seasonal goods risk 
obsolescence, and market-driven spikes frequently disrupt standard replenishment patterns. Simulation results confirmed that 
these factors significantly affect both inventory dynamics and cost structures. 

Results showed that the optimal replenishment cycle lengths and order quantities vary considerably depending on demand 
patterns and deterioration rates, emphasizing the necessity of explicitly modeling such effects in operational planning. The 
Monte Carlo approach produced robust estimates of expected total cost by accounting for uncertainty in demand, an essential 
feature for industries exposed to market fluctuations, supply chain disruptions, or sudden demand surges. 

Sensitivity analysis highlighted that the model responds differently to parameter variations, offering valuable managerial 
insights. Specifically, ±20% and ±50% proportional changes in demand parameters 𝛼𝛼, 𝛽𝛽1, 𝛽𝛽2, 𝛽𝛽3 , 𝐶𝐶𝑏𝑏 , 𝐶𝐶𝑓𝑓 , 𝐶𝐶ℎ, 𝐶𝐶𝑝𝑝 and 𝜌𝜌 were 
tested individually. The results indicated that the base demand rate 𝛼𝛼 has the most significant influence on replenishment 
cycle length and total cost, while moderate changes in 𝐶𝐶𝑝𝑝 have a smaller but still noticeable impact. Backorder cost 𝐶𝐶𝑏𝑏 also 
meaningfully affects shortage behaviour and optimal cycle adjustments, whereas parameters such as 𝛽𝛽3 and 𝐶𝐶ℎ displayed 
negligible sensitivity.  

In practice, managers should prioritize accurate estimation of demand-related parameters and careful management of 
shortage costs, while allowing greater flexibility in less sensitive parameters without risking substantial cost inefficiencies. 
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