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 In this research a doughnut-shaped specimen (DSS) is utilized for analysis of mixed mode I/II 
(tensile/compression and in-plane shear) fracture problem. The DSS sample is a ring specimen 
containing two same line cracks in the inner surface of the ring that can be loaded either by diametral 
compression forces applied to the outer surface of ring or diametral tension force applied to the inner 
surface of the DSS sample. By changing the geometrical and loading parameters including crack length 
ratio, type of applied loading and direction of loading relative to the cracks, the state of crack tip 
stresses and deformations is altered. It is shown that the DSS sample under both tensile and 
compressive point force loading can introduce pure mode I, pure mode II and different tensile-shear, 
and compression-shear deformations. The variations of three fracture parameters namely modes I and 
II stress intensity factors (KI and KII) are determined for the DSS sample under different geometrical 
and loading conditions via performing several finite element analyses. It is shown that the type of 
applied loading (tensile or compression) has a noticeable influence on the magnitudes of crack tip 
parameters. The crack inclination angle corresponding to pure mode II (pure shear deformation) are 
also determined for both compressed and tensile DSS specimens. This angle depends on the applied 
loading type, crack length ratio and inner to outer ring radius ratio.  
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1. Introduction  

      
       Structural solid engineering materials such as composites, polymers, ceramics, geo-materials, concrete, etc., are often 
subjected to complex states of loads and deformations with different loading rates ranging from static to dynamic and high 
strain impact loads. Safe operation without catastrophic failures in structures and components made of these materials needs 
advanced design and manufacturing of them based on the standard methods and procedures. However, the presence of some 
structural defects including discontinuities, cracks, imperfect bonding between layers in layered composites or 3D-printed 
parts, poor adhesions between the parts and joints and other stress concentrators can increase noticeably the risk of fracture 
and failure compared to the un-defected parts and components. In this regard, designing and analysing the structures 
containing sharp cracks or sharp notches (as the most important stress concentration agent), is handled and performed by the 
fracture-mechanics discipline. 
     

      The literature on fracture mechanics-based analysis of crack in two-dimensions is extensive and the basic concepts of this 
field are presented in many researches. Fracture mechanics can be divided into linear elastic fracture mechanics (LEFM) and 
elastic-plastic fracture mechanics (EPFM). It is important to distinguish basic modes of fracture. For a given defect, crack 
propagation may be accomplished in three basic modes (i) opening-mode (Mode-I), (ii) shearing-mode (Mode-II), and (iii) 
tearing-mode (Mode-III) as shown schematically in Fig. 1 and their combinations that is called mixed mode I/II, mixed mode 
I/III and mixed mode I/II/III. The purpose of fracture-toughness testing is to determine the value of the critical stress-intensity 
toughness, or fracture toughness KIc, KIIc, KIIIc and Kmixed mode. Since fracture toughness index can only be determined 
experimentally by conducting a test on cracked sample of the desired material. Selection of appropriate specimen geometry 
and loading setup can help the researchers in determining a robust, reliable and correct value of the fracture toughness using 
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simpler methods and easier processes. Accordingly, several test methods and specimens have been proposed in the past years 
by many researchers to determine fracture toughness under any of the aforementioned loading modes. Depending on the 
material to be tested (i.e., with brittle or ductile nature of fracture and cracking behavior) different testing methodologies have 
been proposed. In addition, depending on the target fracture mode, different types of loads including tension, compression, 
bending, shear, torsion and combinations of them can be applied to the laboratory testing samples. While for ductile type 
materials (such as metals and soft polymers), application of direct tensile and bending type loads are more popular and 
convenient (Marșavina & Linul, 2020; Vantadori et al. 2023; Saenz et al, 2011; Benderly et al. 2004; Aliha et al., 2020; 
Haddadi et al., 2016; Ameri et al., 2021), indirect tensile and compressive type forces are preferred types of loads for brittle 
and quasi-brittle materials such as rocks, ceramics and concretes (Fuan et al., 2021, Shahbazian et al., 2022; Aliha et al., 2017, 
Mousavi et al., 2020; Gu et al., 2023, Imani et al., 2022; Marsavina et al. 2015). Furthermore, from the view point of test 
geometry, several configurations and shapes such as rectangular plates (Noury et al. 1988; Tutluoglu et al., 2022), beam 
(Fakhri et al., 2021; Wu et al., 2023), circular (Fakhri et al., 2017; Aliha et al., 2010), semi-circular (Erarslan & Aliha 2025; 
Pugna et al., 2020; Aliha et al., 2022; Saesaei et al. 2024; Najjar et al. 2022), hollow ring (Hanson et al., 1994; Chen et al., 
2008), triangular (Aliha et al., 2013, 2016) and other miscellaneous shapes have been used in previous fracture mechanics-
based investigations.  

 

(a)                    (b)                    (c) 

Fig. 1. Basics modes of crack extension; (a) opening-mode (Mode-I), (b) shearing-mode (Mode-II), and (c) tearing-mode 
(Mode-III).  

      For example, the utilized testing methods for two categories of engineering materials (i) layered composites and (2) geo-
materials are reviewed briefly here. The double cantilever beam (DCB) test (shown in Fig. 2a) is the most widely used method 
for measuring Mode-I (opening) fracture toughness of multi-layered composite materials (Jia et al., 2021).  

(a) (b) (c) 
 

(d) 

 

(e) 

 

(f) 
 

 
(g) 

 

 
(h) 

 

 
(i) 

Fig. 2. Fracture toughness test configurations for testing of composite materials (a) Mode-I double cantilever beam (DCB), 
(b) Mode-II end-notched flexure (ENF), (c) Mode-III split cantilever rectangular beam (SCRB), (d) mixed-mode bending 

(MMB), (e) crack lap shear (CLS), (f) end loaded split (ELS), (g) Iosipescu, (h) Richard, and (i) modified Arcan specimens. 

     The end-notched flexure (ENF) shown in Fig. 2b has emerged as one of the most convenient Mode-II (shear) type cracking 
in composite materials (Gliszczynski et al., 2021; Pereira et al., 2018; Dharmawan et al., 2006). For mode-III (tearing) fracture 
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toughness test of composites, the split cantilever rectangular beam (SCRB) test configuration (Fig. 2c) is often used 
(Szekrényes, 2009). However, deep understanding of the fracture behavior of materials, and particularly under mixed-mode 
loading conditions, is needed in order to fully achieve the benefits. Various attempts have been made to characterize fracture 
toughness of layered composite materials under mixed-mode tensile-shear loading conditions, but mostly beam type 
specimens were used. The mixed-mode bending (MMB) and the crack lap shear (CLS) test specimens have been proposed by 
combining the schemes used for DCB and ENF tests to study the mixed-mode fracture toughness (Fig. 2d and Fig. 2e) of 
composite and similar materials (Choupani and Torun, 2022; Heydari et al., 2011; Choupani, 2008; Zhang et al., 2019). If the 
so-called end loaded split (ELS) specimen is loaded by the upper arm, mixed mode loading conditions at the crack tip are 
achieved (Fig. 2f). The ELS method has been utilized in many previous mixed mode I/II fracture studies of composite and 
adhesive bonding joints (Santos et al., 2017).  One other type is the Iosipescu specimen (Fig. 2g) that has been used in different 
research papers (Pierron & Vautrin, 1998). Another type of specimen for studying the mixed-mode fracture toughness in 
composites, joints, metallic parts and etc., is the Richard specimen shown in Fig. 2h (Razavi and Berto, 2019). Similarly, 
modified Arcan specimens (Fig. 2i) was used for the mixed-mode fracture test (Shameli et al., 2016). The reviewed literature 
for the fracture toughness testing of composite materials reveals that beam or rectangular shape specimens are favorite 
configurations because of convenience of composite test sample preparation using these shapes. 

     In contrast, for a wide range and categories of construction and geo-materials including rock, soil, mortars, cement concrete 
and asphalt mixtures with brittle and quasi-brittle fracture nature, circular and disc shape samples seem better geometries for 
conducting the fracture toughness experiments. This is because of ease of sample preparation and extraction from cylindrical 
molds or cores obtained from such materials. In this regard, well-known and frequently used samples are: center cracked 
Brazilian disc (CCBD) specimen (He et al., 2022), semi-circular bend (SCB) specimen (Baradaran et al., 2024), edge notched-
disc bend (ENDB) specimen (Bahmani et al., 2020, Bidadi et al., 2020, Shahbazian et al., 2022), edge-notched diametral 
compression disc (ENDC) specimen (Mousavi et al., 2025a,b, Bahmani et al., 2021; Bahmani and Nemati, 2021) and double 
notch diametral compressed disc (DNDC) specimen (Mohammadaliha et al., 2021). All the mentioned test samples in which 
their schematics are illustrated in Fig. 3 are capable of simulating pure mode I case and some of them can introduce mode II, 
mode III and mixed mode I/II, I/III and I/II/III fracture modes and can be utilized for determining KIc, KIIc, KIIIc and Kmixed mode 

I/II, Kmixed mode I/III and Kmixed mode I/II/III.  
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Fig. 3. Circular and disc shape samples utilized in the literature for conducting fracture tests on geomaterials (a) CCBD, (b) 
SCB, (c) ENDB, (d) ENDC, (e) DNDC specimens capable of introducing pure opening mode and different combinations of 
opening-shearing deformations. 

     However, still researchers are working to propose new and novel testing methods for fracture behavior analyses of different 
engineering materials. Indeed, any new test method may have some benefits and advantages relative to the existing methods 
that can make the fracture investigation easier or more accurate. Generally, a suitable test sample and method should have 
simple geometry, simple testing process with conventional apparatus and fixtures, and should easily introduce different 
fracture modes including pure in-plane modes and mixed mode tensile-shear cases. In this study, a doughnut-shaped specimen 
(containing two-same line edge cracks and subjected to either diametral point load tension or compression), is designed and 
analyzed numerically for investigating mixed mode I/II fracture behavior. In this regard, by performing a large number of 
finite element analyses, the ability of such testing samples for introducing full ranges of pure mode I to pure mode II is 
demonstrated. Fracture parameters including mode I and mode II stress intensity factors are determined for the suggested 
specimen and for different geometrical and loading conditions (i.e., various kinds of specimens, configurations, crack lengths 
and different crack angles).  

      In the next sections, following description and introduction of the doughnut-shaped test sample, the process of determining 
the fracture parameters through numerical analyses are explained. Corresponding values of stress intensity factors are 
presented for different geometry and loading conditions of the doughnut-shaped test sample and the trends of these parameters 
for different input and affecting variables are obtained and discussed. 

2. Doughnut-shaped specimen (DSS) under diametral point force  

      Fig. 4 shows the geometry and loading condition of the doughnut-shaped specimen (DSS) with center crack that was 
utilized for fracture investigations in this research. The DSS sample is a hollow disc or ring specimen with two equal length 
cracks of length a introduced at the inner circle of the ring with radii of Ri and Ro. The specimen can be subjected to either 
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diametral pin loading tension or compression as shown in Fig. 4a and Fig. 4b, respectively. The ring shape configuration with 
edge internal crack makes this sample a favorite geometry for conducting fracture toughness experiments on different 
engineering materials as stated in different works (Karimi et al., 2021; Dehghany et al., 2017). Altering the crack inclination 
angle (a) relative to the loading direction can result in changing the share of opening mode and sliding (shearing) mode in 
front of the crack tip. Hence, each angle will correspond to a specific in-plane mixed mode case (i.e., mode I/II mixity). In 
addition, the crack length and the inner and outer radii of the ring can affect the state of crack tip deformations and state of 
stress in the DSS sample either subjected to diametral tension or compression. 

 

 

  
(a) (b) (c) 

Fig. 4. (a) Geometry of doughnut-shaped specimen (DSS) subjected to (b) diametral point load tensile force (pin-loading 
tension) and (c) diametral point force compression. 

       The linear elastic stress field in the vicinity of a crack subjected to arbitrary far field loading is determined from the 
Williams infinite series expansion as below equation: 

𝜎𝜎𝑖𝑖𝑖𝑖 =
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where, r,θ are the components of polar system. The first term in this equation is singular term that is related to the stress 
intensity factors (SIFs). The other terms are related to higher order terms (H.O.T) that are non-singular and negligible 
compared to the singular terms. Accordingly, the stress components in polar system can be explained as following relations: 
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in which KI and KII are the modes I and II SIFs. In order to study the fracture behavior in any cracked sample and determine 
the onset of failure or fracture initiation direction or fracture path, first it is necessary to calculate the corresponding values of 
SIFs for any desired geometry, loading condition and mode mixity. The stress intensity factors (that describe the severity of 
stresses at crack tip) for the DSS specimen are written as below equations: 
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where YI and YII (geometry factors) are the normalized or non-dimensional form of KI and KII, respectively and  
𝑎𝑎� = 𝑎𝑎 (𝑅𝑅𝑜𝑜 − 𝑅𝑅𝑖𝑖).⁄  Based on Eq. (5) and Eq. (6) the SIF values are functions of applied load, crack length, dimensions of ring 
(its radii, Ro, Ri and thickness B) and crack inclination angle, a.  The geometry factors (YI and YII) are also functions of 
𝑎𝑎�, 𝑅𝑅𝑖𝑖𝑅𝑅𝑜𝑜 and 𝛼𝛼  in the DSS specimen.                                   

     In the next section, these three fracture parameters are determined numerically for the doughnut-shaped specimen (DSS) 
under diametral compression and diametral tension loads. 
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3. Finite Element Analysis of DSS specimen 
 

     Finite element analysis combined with the concepts of linear elastic fracture mechanics provides a practical and convenient 
means to study the fracture characteristics of materials. Normal stresses create mode I or opening mode while mode II or 
shearing mode is caused by shear stresses. J-integral is widely used fracture mechanics concepts for determining the crack tip 
parameters under in-plane mode I-II fracture problems. In this study, the J-integral formulation was employed for analyzing 
the DSS specimen, as it is useful for a coarse mesh finite element analysis. Fig. 5 shows the mesh pattern of a full model 
Doughnut-Shaped Specimens (DSS), generated using ABAQUS finite element code. As a result, the entire specimen with 
constant thickness of 20 mm, fixed outer radius of ring (Ro = 35 mm) and variable crack lengths and inner radius of the ring 
was modeled using eight nodes collapsed quadrilateral elements and the mesh was refined around crack tip.  It has been found 
that the calculated stress intensity factors and associated strain energy release rates used here did not vary when the number 
of the elements was doubled. Values for stress intensity factors were evaluated employing an interaction J-integral technique. 
The mechanical properties of a typical brittle material (E = 6 GPa and ν = 0.3) were applied to the models of DSS samples. A 
reference load of F = 1000 N was also applied to the inner surface of the DSS sample in diametral tension manner and to the 
outer surface of the ring in diametral compression manner. Approximately 6500 eight-nodded quadratic elements were used 
for modeling the DSS specimen in ABAQUS code. A linear elastic finite element analysis was performed under a plane strain 
condition using root square 1

√𝑟𝑟�  stress field singularity (suitable for linear elasticity).  

 

          Fig. 5. Finite element mesh pattern of the entire and around the crack tip of the DSS specimen subjected to diametral 
compression and tension loads and crack tip elements. 

4. Results and Discussion 
 

In order to use DSS samples in practical fracture toughness determinations for any desired material, it is necessary to know 
first the corresponding values of mode I and mode II stress intensity factors. As the main aim of the current paper, the values 
of YI and YII (that are the geometry factors) are determined for a wide range and comprehensive geometry and loading 
conditions of the ring (DSS) sample. By knowing these geometry factors, the corresponding value of fracture toughness for 
any desired combinations of modes I and II can be determined experimentally by inserting the critical peak loads of tested 
material into Eq. (5) and Eq. (6). 

Fig. 6 presents the variations of mode I geometry factor (YI) and mode II geometry factor (YII) for different crack lengths, 
inner ring radii and crack inclination angles (α) in the analyzed DSS samples subjected to diametral compression load. It is 
seen that the magnitude of YI depends on all investigated input variables (i.e., 𝑎𝑎�, 𝑅𝑅𝑖𝑖𝑅𝑅𝑜𝑜 and 𝛼𝛼). Generally, by increasing the crack 
inclination angle, the magnitude of YI reduces because of addition of shear mode deformation effects on the crack tip stress 
state. This reduction continues until an especial condition in which the corresponding value of YI (mode I geometry factor) 
reaches to zero value. The related crack inclination angle of this condition corresponds to mode II condition that is called αII. 
The value of αII depends on the type of applied loading (i.e., diametral compression or diametral tension).  In contrary, mode 
II geometry factor increases by increasing the crack angle (α) for all crack lengths and ring geometries. Also, for any fixed 
crack angle, the corresponding value of YII becomes more by increasing 𝑎𝑎� value. According to the obtained results of Fig. 6, 
it can be concluded that the compressed DSS specimen can produce full combinations of opening-shearing mode deformations 
from pure mode I to pure mode II. While for the compressed DSS sample, pure mode I is obtained at α = 0o for any crack 
length and ring geometry, αII is achieved at the ranges of 20 to 35 degrees (from Fig. 6), depending on the crack length ratio 
and inner to outer radius of the ring sample. The corresponding value of αII increases by increasing  𝑅𝑅𝑖𝑖𝑅𝑅𝑜𝑜  ratio and decreasing 
𝑎𝑎�  value.  After such crack inclination angle, the DSS sample experience negative KI that means the crack flanks are 
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compressed together.  In addition, increasing the crack length ratio will result in increasing the corresponding value of YI 
mainly due to higher opening of larger crack length. 

  

(a) (b) 

  

(c) (d) 

Fig. 6. Variations of mode I and mode II geometry factors (YIC and YIIC) for the analyzed DSS sample subjected to 
diametral compression and for different crack inclination angles and crack length ratios , (a) Ri/Ro = 0.14 , (b) Ri/Ro = 0.28, 

(c) Ri/Ro = 0.42, (d) Ri/Ro = 0.56 

  
(a) (b) 

  
(c) (d) 

Fig. 7. Variations of mode I and mode II geometry factors (YIT and YIIT) for the analyzed DSS sample subjected to 
diametral tension and for different crack inclination angles and crack length ratios, (a) Ri/Ro = 0.14 , (b) Ri/Ro = 0.28, (c) 

Ri/Ro = 0.42, (d) Ri/Ro = 0.56. 
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Similarly, Fig. 7 presents the variations and trends of YI and YII parameters (YIT and YIIT) for the DSS specimen subjected 
to diametral tensile point loading and for different affecting parameters in this regard (i.e., crack length ratio, crack inclination 
angle and ring geometry). This figure reveals the similar trends of variations for the geometry factors of tensile loaded DSS 
samples observed earlier for the compressed DSS sample and discussed in Fig. 6. Indeed, the tensile DSS configuration can 
also provide all combinations of in-plane mode mixity ranging from tensile-shear to compressive shear crack deformations as 
well as pure modes I and II cases. Similar to compressed DSS samples, pure mode I condition is achieved at a = 0o for the 
tensile DSS sample for all geometry and loading conditions. but pure mode II condition is obtained for a DSS sample with 
inclined crack relative to the diametral tensile point loading direction. Based on Fig. 7, the range of aII for the diametral tensile 
DSS sample varies from 57o to 75o and pure mode II crack inclination angle increases by Ri/Ro ratio and decreases the crack 
length ratio (i.e. 𝑎𝑎� parameter).  

     In order to better understand the role and influence of applied loading type (i.e., diametral compression and diametral 
tension point loading) on the geometry factors of the DSS sample, Fig. 8 compares the YI and YII curves of both DSS type 
configurations for different ring geometries and crack inclination angles. These curves reveal that type of loading has a 
significant impact on the stress intensity factors or geometry factors. For example, the corresponding value of mode I stress 
intensity factor (or YI) for the diametral tensile DSS sample is higher than the YI value of the compressed DSS sample. In 
contrast, for any given crack angle (up to a = 35o), the corresponding value of YII in the compressed DSS specimen is higher 
than the tensile DSS configuration. In addition, the tensile DSS sample shows less sensitivity to the crack angle compared to 
the compressed DSS configuration, because there is a large interval between pure mode I and mode II (typically about 60 
degrees) compared to the compressed DSS configuration in which only about 25-degrees interval exists between pure mode 
I and pure mode II cases. Hence, any error in price setting of the crack direction relative to the loading orientation in the 
compressed DSS sample will result in higher discrepancy in the determined fracture toughness values under mixed mode I/II 
loading case.   

  
(a) (b) 

 
 

(c) (d) 
 Fig. 8. Comparison of mode I and mode II geometry factors (YI and YII) for the analyzed DSS sample subjected to both 
diametral compression and diametral tension point loads for different crack inclination angles and crack length ratios, (a) Ri/Ro 
= 0.14, (b) Ri/Ro = 0.28, (c) Ri/Ro = 0.42, (d) Ri/Ro = 0.56 

5. Conclusions 
 

      Two hollow disc (ring) shape configurations containing internal edge crack and subjected to diametral compression point 
load (compressed DSS) and diametral pin loading point force (tensile DSS) were analyzed in this research. Mode I and mode 
II stress intensity factors (SIFs) and their normalized forms (called geometry factors, YI and YII) were determined through 
extensive finite element simulations of the DSS sample in ABAQUS software. The following concluding remarks can be 
outlined: 
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- Both tensile and compressed DSS samples were able to introduce full ranges of mode I and mode II mixities including 
pure mode I, pure mode II, mixed mode tensile-shear and mixed mode compression shear by altering the geometrical 
and loading factors and in particular the crack inclination angle.  

- ype of loading (i.e. diametral compression or diametral tension) was noticeable in the magnitude and variations of 
modes I and II SIFs. For example, in the pure mode I case, the corresponding value of mode I geometry factor (YI) 
obtained from the compressed DSS sample was noticeably greater than the value of YI obtained from the tensile DSS. 

-  Pure mode II crack inclination angle (αII) for the compressed DSS sample were obtained at angles ranging from 20 
to 35 o depending on the crack length ratio and inner diameter of the ring. This range for the tensile DSS sample was 
varied in the range of 55 to 75 degrees. Hence, the crack tip parameters in the compressed DSS sample are more 
sensitive to the crack inclination angle compared to the tensile DSS sample. 

- Both geometry factors increased by reducing the crack length ratio and increasing the inner to outer radius ratio of 
the ring.  
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