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 The fatigue behavior of carbon-black reinforced elastomers under multiaxial loading remains difficult 
to predict due to complex interactions between deformation modes and energy dissipation 
mechanisms. While energy-based models provide a physically meaningful description, they fail to 
unify fatigue life across loading conditions, leading to a systematic discrepancy referred to as the 
multiaxial gap. To address this limitation, a physics-informed hybrid framework combining analytical 
modeling and machine learning is proposed. An XGBoost model is integrated within a residual 
learning strategy to predict the deviation of the physics-based baseline. The analytical model provides 
a strong first-order approximation (R² ≈ 0.965), while the hybrid approach improves predictive 
performance (R² ≈ 0.97 on independent data), with reduced prediction error. An ablation analysis 
shows that neither the maximum principal strain nor the strain energy density alone is sufficient to 
describe multiaxial fatigue behavior, while their combination significantly improves prediction. These 
results demonstrate that the multiaxial discrepancy is structured and learnable, enabling accurate 
fatigue prediction without increasing model complexity. 

© 2026 Growing Science Ltd.  All rights reserved. 
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1. Introduction  

      

      Automotive elastomeric components, such as silentblocks made of carbon-black reinforced natural rubber (NR/CB), play 
a crucial role in vibration isolation and suspension systems due to their large deformation capability, high damping capacity, 
and durability under cyclic loading (Olaleye et al., 2024; Lesiuk et al., 2024; Luo et al., 2004). In service conditions, these 
components are subjected to complex combinations of axial, torsional, and shear deformations, leading to multiaxial stress 
states. Under such non-proportional loading paths, fatigue damage remains the dominant mechanism governing their 
reliability and service life. The integration of experimental and numerical approaches is therefore essential for accurately 
characterizing the fatigue behavior of elastomeric materials in automotive applications. Fatigue in filled elastomers is 
inherently a multi-scale phenomenon involving molecular chain scission, filler–matrix debonding, microvoid nucleation, and 
crack initiation processes (Holzapfel, 2000; Rivlin & Thomas, 1953; Lake & Thomas, 1967). Early theoretical developments 
established an energy-based interpretation of rubber failure, demonstrating that fatigue resistance is closely related to the 
elastic energy release rate. Building upon this foundation, subsequent studies have shown that strain energy density 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  
provides a physically meaningful descriptor governing fatigue damage evolution in rubber-like materials (Le Cam, 2012; 
Boukamel et al., 2001; Yeoh, 1993). These works also highlight the importance of Mullins-related effects and dynamic fatigue 
behavior in ensuring reliable durability predictions (Qiu et al., 2023). Despite significant progress, accurate fatigue life 
prediction under multiaxial loading conditions remains a major challenge (Saintier et al., 2006). Within this framework, 
hyperelastic constitutive models, including those proposed by Mooney and Rivlin (Mooney, 1940; Ogden, 1972), provide a 
rigorous mechanical basis for evaluating the strain energy density 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  in components undergoing large deformations. To 
account for multiaxial loading effects, critical plane approaches have been developed to relate fatigue damage to specific 
cracking planes (Mars, 2002; Mars & Fatemi, 2004). More recently, multiparameter models have been proposed to unify 
fatigue life prediction by integrating stresses, strains, and energy-based quantities (Tobajas et al., 2020). However, despite 
these advances, both classical energy-based models and more complex analytical formulations often fail to consistently predict 
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fatigue behavior across different loading conditions. This limitation manifests as a systematic and non-random discrepancy 
between uniaxial and multiaxial fatigue predictions, referred to in this study as the multiaxial gap. This gap reflects the 
inability of conventional scalar descriptors to fully capture the complex interactions between deformation modes, including 
coupling effects between tension, shear, and internal dissipation mechanisms. To overcome these limitations, recent research 
has explored the use of machine learning (ML) techniques for fatigue life prediction. Ensemble learning methods such as 
XGBoost (Chen & Guestrin, 2016; Friedman, 2001) have demonstrated strong capabilities in capturing nonlinear relationships 
in complex datasets (Mohanty et al., 2023). In parallel, physics-informed approaches (Raissi et al., 2019) aim to integrate 
physical constraints into data-driven models. However, purely data-driven techniques, such as random forests (Breiman, 
2001), often lack physical interpretability, which limits their direct applicability in engineering design. 

     In this context, the present work proposes a hybrid physics-machine learning framework based on a residual learning 
strategy. Rather than increasing model complexity through additional fatigue parameters, the discrepancy between 
experimental observations and analytical predictions is interpreted as a structured and learnable quantity. Machine learning is 
therefore not used to replace the physics-based model, but to act as a correction layer that captures the missing nonlinear 
interactions responsible for the multiaxial gap. 

     The proposed framework is built upon a hyperelastic energy-based formulation combined with mechanically relevant 
descriptors, including both 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  and 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚, and an XGBoost model trained to learn the residual error. This strategy enables 
the identification and correction of the multiaxial gap, leading to improved fatigue life prediction across different loading 
configurations. 

The main contributions of this work are as follows: 

- Identification and quantification of the structured multiaxial gap in classical fatigue models;  
- Development of a physics-informed residual learning framework using XGBoost as a corrective tool;  
- Demonstration of the complementary roles of strain-based and energy-based descriptors in multiaxial fatigue 

behavior;  
- Validation of a unified predictive framework that improves accuracy while preserving mechanical interpretability.  

     This study provides a physically consistent and effective methodology for integrating machine learning into fatigue 
modeling of elastomeric materials under complex loading conditions. 

2. Experimental methodology and mechanical analysis 

2.1 Material and custom multiaxial test bench 

      The material investigated in this study is a carbon-black reinforced natural rubber compound containing 60 phr of carbon 
black (NR60C), specifically formulated for high-performance automotive vibration isolation components such as silentblocks. 
Filled natural rubber compounds are widely utilized in dynamic mechanical systems due to their high damping capacity, large 
deformation capability, and superior durability under cyclic loading. To reproduce realistic service conditions, ring-shaped 
specimens incorporating a central groove were employed. This geometry promotes localized deformation within the elastomer 
and allows for controlled fatigue damage initiation in a representative stress concentration zone. Fatigue experiments were 
conducted using a custom-designed tension-torsion fatigue test bench (Fig. 1). The experimental setup allows for the 
independent control of axial displacement 𝛿𝛿(𝑡𝑡)  and torsional angle 𝜃𝜃(𝑡𝑡) , enabling the generation of both uniaxial and 
multiaxial loading paths. Rigid metallic inserts were specifically designed to ensure reliable clamping of the specimens and 
to prevent parasitic sliding at the interfaces. This configuration guarantees that the measured deformation is effectively 
transferred to the elastomeric region, which is essential for the accurate evaluation of strain and energy parameters. 

Two loading configurations were investigated: 

• Mode A (uniaxial loading) : Pure tension cyclic loading was applied, producing a predominantly uniaxial strain field 
within the specimen. 

• Mode C (combined loading) : Synchronous tension and torsion were applied, generating a non-proportional 
multiaxial stress state within the elastomer. 

For each loading condition, cyclic deformation was imposed until macroscopic crack initiation or specimen failure occurred. 
The fatigue life 𝑁𝑁𝑓𝑓 was defined as the number of cycles to failure. 
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Fig. 1.  Experimental setup and multiaxial loading configurations for elastomeric ring specimens 

This experimental setup provides a controlled framework to investigate the limitations of scalar fatigue descriptors under 
multiaxial loading conditions. 

2.2 Experimental evidence of damage localization and crack initiation 

     Due to the presence of the central groove, the deformation field within the ring-shaped specimen is strongly heterogeneous. 
In elastomeric components, such geometry acts as a physical stress concentrator, leading to the development of significant 
deformation gradients at the groove root. Experimental investigations confirm that this region is the critical site for fatigue 
damage accumulation. As shown in Fig. 2, macroscopic fatigue cracks consistently initiate at the apex of the central groove, 
regardless of the loading mode. The visual evidence provided in Fig. 2a illustrates a typical fatigue crack propagating along 
the circumferential path of the silentblock-like specimen, validating the choice of this geometry for characterizing localized 
multiaxial fatigue behavior. 

Under combined loading conditions (mode C), the superposition of torsional shear onto axial stretching further intensifies the 
mechanical severity at the groove root. This intensification is reflected in the fatigue life data presented in Fig. 3. For 
equivalent axial displacement amplitudes, the introduction of a torsional component leads to a systematic reduction in the 
number of cycles to failure 𝑁𝑁𝑓𝑓. This phenomenon highlights the “multiaxial gap” and emphasizes that crack initiation in 
automotive elastomers is driven by the complex interaction of local strain components, which cannot be fully captured by 
uniaxial simplified models. This observation highlights that fatigue damage is governed by localized multiaxial stress states, 
which cannot be fully represented by global scalar quantities. 

 

Fig. 2. Geometric characterization and experimental failure analysis: (a) Macrographic observation of a physical fatigue 
crack initiating at the groove root under combined tension-torsion, confirming the localized damage accumulation zone ; (b) 

Technical drawing and dimensions of the ring-shaped NR60C specimen featuring the central groove geometry. 
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Fig. 3. Strain-based fatigue life analysis: Correlation between the maximum principal strain 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 and the number of cycles 
to failure 𝑁𝑁𝑓𝑓 for uniaxial (mode A) and multiaxial (mode C) loading paths. The distinct separation between the two data sets 

highlights the “multiaxial gap” and the insufficiency of strain-only predictors for complex rubber fatigue. 
 

2.3 Hyperelastic modeling and strain energy evaluation 
 
     To establish a physically consistent relationship between the applied loading and the local mechanical response, the 
nonlinear elastic behavior of the NR60C compound was described within a hyperelastic framework. Rubber-like materials 
exhibit large deformations that can be effectively modeled using strain energy density functions. Among the available 
formulations, polynomial models such as Mooney–Rivlin provide a robust and widely used representation of elastomer 
behavior. 
In this study, the strain energy density W was evaluated using the Mooney-Rivlin, is given by the following expression (1):  
 
𝑊𝑊(𝐼𝐼1, 𝐼𝐼2) = 𝐶𝐶10(𝐼𝐼1 − 3) + 𝐶𝐶01(𝐼𝐼2 − 3) (1) 

   
where 𝐶𝐶10 = 0,287 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶01 = 0,102: Elasticity coefficients of the silent block material made of carbon-black-reinforced 
natural rubber under loading mode(A) and 𝐶𝐶10 = 0,0103 𝑒𝑒𝑒𝑒 𝐶𝐶01 = 0,0230  under loading mode (C). 𝐼𝐼1  and 𝐼𝐼2  are the 
deformation invariants of the Green–Cauchy strain tensor (C) for the ring-shaped specimen. 
 

 

Fig. 4. Relationship between the maximum strain energy density 𝑾𝑾𝒎𝒎𝒎𝒎𝒎𝒎and the number of cycles to failure 𝑵𝑵𝒇𝒇 for both 
uniaxial and combined loading modes. While the energetic approach partially collapses the data compared to strain-based 

models, a systematic "multiaxial gap" persists, necessitating a high-dimensional correction through machine learning. 
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      Using the identified hyperelastic parameters, the maximum strain energy density 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  reached during each loading cycle 
was extracted and used as a fatigue descriptor. The relationship between fatigue life 𝑁𝑁𝑓𝑓 and 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  is presented in Fig. 4. The 
energy-based representation significantly reduces data scatter compared to strain-based approaches. However, a systematic 
shift remains between uniaxial (mode A) and multiaxial (mode C) loading conditions. This observation indicates that while 
𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  provides a physically meaningful description of fatigue damage, its scalar nature limits its ability to fully capture 
multiaxial interactions. This limitation motivates the introduction of a residual learning strategy to account for the multiaxial 
gap. 

2.4.  Definition of systematic residuals for machine learning correction 

      The discrepancy between the predicted energy-based fatigue life and experimental observations is interpreted as a 
structured prediction bias associated with the loading mode-referred to here as the "multiaxial gap." To quantify this bias, a 
residual parameter Δ was defined by expression  (2): 

Δ = log10�𝑁𝑁𝑓𝑓,𝑒𝑒𝑒𝑒𝑒𝑒� − log10�𝑁𝑁𝑓𝑓,𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒� (2) 

where 𝑁𝑁𝑓𝑓,𝑒𝑒𝑒𝑒𝑒𝑒 is the experimentally measured fatigue life and 𝑁𝑁𝑓𝑓,𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  is the prediction from the baseline energy model. This 
residual captures physical effects not represented by the scalar 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚 , such as the interaction between axial and torsional 
components. Rather than replacing the physically interpretable model,this study proposes to model this residual Δ using a 
machine learning correction layer. By learning the systematic bias, the ML model effectively bridges the gap between uniaxial 
and multiaxial fatigue behavior while preserving the mechanical foundation of the energy-based formulation. 

2.5.  Experimental database 

     The experimental campaign yielded a comprehensive dataset comprising 80 data points : 40 obtained under uniaxial 
loading (mode A) and 40 under combined tension-torsion (mode C). Each entry in the database is defined by the triplet 
(𝛿𝛿,𝜃𝜃,𝑁𝑁𝑓𝑓) representing the axial displacement, torsional angle, and the corresponding number of cycles to failure. This dataset 
forms the basis for the machine learning analysis presented in Section 3. The objective of the ML phase is to map the complex 
nonlinear relationship between the mechanical descriptors (𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 ,𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚) and the fatigue life response 𝑁𝑁𝑓𝑓, while maintaining 
the physical consistency provided by the hyperelastic framework (Fig. 5). The relatively limited dataset size further justifies 
the use of a physics-informed machine learning approach. These observations suggest that multiaxial fatigue behavior cannot 
be fully described by a single scalar parameter. Instead, multiple physically relevant descriptors are required, motivating the 
hybrid framework developed in this study. 

 

Fig. 5. Physics-informed hybrid framework for multiaxial fatigue prediction using residual learning correction. The 
framework combines an energy-based fatigue model with a machine learning correction that learns the structured residual 

associated with the multiaxial gap. 
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2.6.  Power-law baseline analysis 

    To establish a physically interpretable baseline, classical power-law relationships-commonly used in rubber fatigue-were 
evaluated. Fatigue life 𝑁𝑁𝑓𝑓  was correlated with the maximum principal strain 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 and the maximum strain energy density 
𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  using the following formulations (3) and (4) : 

𝑁𝑁𝑓𝑓 = 𝑎𝑎(𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚)𝑚𝑚 (3) 
𝑁𝑁𝑓𝑓 = 𝑏𝑏(𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚)𝑛𝑛   (4) 

where 𝑎𝑎 et 𝑏𝑏 are material coefficients and 𝑚𝑚, 𝑛𝑛 are fatigue sensitivity exponents. After logarithmic transformation, linear 
regression was performed separately for each loading mode to identify the baseline parameters are given by the following 
expression (5) and (6):  

log10�𝑁𝑁𝑓𝑓� = log10(𝑎𝑎) + 𝑚𝑚log10(𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚) (5) 
log10�𝑁𝑁𝑓𝑓� = log10(𝑏𝑏) + 𝑛𝑛log10(𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚) (6) 

2.6.1 Regression results and interpretation 

     The statistical analysis of the power-law baseline yielded the following results: 

- Mode A (uniaxial loading): 

• Strain-based : R2 = 0.9656; RMSE = 0.12; m = −3.85 (95%Cl: [−4.10,−3.60]) 
• Energy- based : R2 = 0.96; RMSE = 0.09; n = −2.15 (95%Cl: [−2.30,−2]) 

- Mode C (multiaxial loading): 

• Strain-based : R2 = 0.89; RMSE = 0.18; m = −4.20 (95%Cl: [−4.55,−3.85]) 
• Energy- based : R2 = 0.92; RMSE = 0.14; n = −2.45 (95%Cl: [−2.70,−2.20]) 

2.6.2. Comparative analysis 

     The comparison of the regression results indicates several key points : 

• Complementarity of descriptors:The comparison between strain-based and energy-based formulations shows that 
both descriptors provide relevant but partial representations of fatigue behavior. While energy-based parameters 
capture dissipation mechanisms, strain-based descriptors reflect geometric deformation. This highlights the necessity 
of combining both quantities for an improved description of multiaxial fatigue. 

• Sensitivity shift : The variation of the exponents (𝑚𝑚 and 𝑛𝑛) between mode A and mode C reflects the increased 
damage sensitivity induced by shear contributions at the groove root.  

• Necessity of ML : Although these power-law models provide a physically interpretable baseline, the significant drop 
in R² under multiaxial loading (mode C) confirms that simple scalar relationships cannot fully capture the complexity 
of non-proportional loading. This justifie the introduction of the XGBoost-based correction layer in the following 
section. 

     These results clearly demonstrate that although energy-based models improve prediction accuracy, they remain insufficient 
under multiaxial loading, motivating the need for a residual learning strategy. 

3. Machine-learning-assisted fatigue failure assessment 

The objective of this section is not to replace the physically based power-law formulation established in section 2.6, but to 
enhance it through a physics-informed machine learning strategy. In this work, machine learning is not used as a standalone 
predictor, but as a corrective tool to model the structured residual identified in section 2. 
 
Specifically, the XGBoost model is trained to learn the discrepancy between the energy-based predictions and the 
experimental fatigue life, referred to as the multiaxial gap. This residual learning approach ensures that the predictive 
framework remains physically interpretable while capturing complex nonlinear interactions associated with multiaxial 
loading. 
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3.1. Overview of the hybrid framework 

    The objective of the present study is to develop a hybrid experimental-machine learning (XGBoost-based) framework that 
combines physics-based features derived from hyperelastic constitutive modeling with data-driven learning to predict the 
fatigue life of NR/CB. 

    The overall workflow, illustrated in Fig. 5, includes the following main steps: 

• Experimental acquisition of fatigue data under uniaxial mode (A) and complex mode (C) loading conditions.   
• Feature extraction from hyperelastic models (Mooney-Rivlin and Ogden) to compute 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚 .   
• Data preprocessing, including normalization, log-transformation of 𝑁𝑁𝑓𝑓, and dataset splitting (80% training / 20% 

testing).   
• Training of the XGBoost model.   
• Model evaluation using statistical metrics (R², RMSE, MAE) and parity plots.   
• Ablation analysis to quantify the contribution of 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚  and 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  . 

    This framework ensures physical interpretability while leveraging the nonlinear learning capability of modern ML 
algorithms (Fig. 5), explicitly integrating residual learning as a correction of the physics-based baseline predictions (based on 
𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  and 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚- descriptors). 

 
3.2. Dataset preparation and feature engineering 

 
     The dataset consists of experimental fatigue results for which both the maximum principal strain 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 and the strain energy 
density 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  are available for each specimen. These descriptors were used either individually or in combination to assess 
their respective contributions to fatigue life prediction. Prior to training, the fatigue life was transformed using log10(𝑁𝑁𝑓𝑓) to 
linearize the power-law relationship and improve numerical stability. The dataset was randomly split into 80% for training 
and 20% for testing. Within the training set, a 5-fold cross-validation procedure was employed for model tuning and validation. 
Separate models were trained for mode A and mode C in order to explicitly evaluate the model’s ability to capture the 
multiaxial gap. Rather than directly predicting fatigue life, a residual parameter Δ was defined as the difference between 
experimental observations and the energy-based model predictions. The machine learning model was then trained to predict 
this residual, which represents the systematic and non-random error associated with multiaxial loading conditions. 
Given the limited size of the dataset, the residual learning approach is particularly suitable, as it reduces the risk of overfitting 
by focusing only on structured deviations rather than learning the full input-output mapping. 

3.3. Machine learning model and training strategy 
 

      In this study, the XGBoost algorithm was selected as the machine learning model due to its robustness, ability to capture 
nonlinear relationships, and strong generalization performance on small to medium-sized datasets. Unlike conventional 
approaches that directly predict fatigue life, the proposed framework adopts a residual learning strategy. The model is trained 
to predict a residual term Δ, defined as. 
 
Δ = log10�𝑁𝑁𝑓𝑓,𝑒𝑒𝑒𝑒𝑒𝑒� − log10�𝑁𝑁𝑓𝑓,𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦� (7) 

 
 where log10�𝑁𝑁𝑓𝑓,𝑒𝑒𝑒𝑒𝑒𝑒� is the experimental fatigue life and log10�𝑁𝑁𝑓𝑓,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚�  is the prediction obtained from the energy-based 
analytical model. This formulation allows the machine learning model to focus exclusively on correcting the systematic 
deviation between analytical predictions and experimental observations. The input features of the model consist of the 
maximum principal strain 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚  and the strain energy density 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚 . These features are used either individually or in 
combination, particularly in the ablation study, to evaluate their respective contributions to fatigue life prediction. 
 
    The XGBoost model was trained using the following hyperparameters: 
 
- n_estimators = 300 ; max_depth = 3 ; learning_rate = 0.05 ; subsample = 0.8 ;  colsample_bytree = 0.8 ;  reg_lambda = 1.0 ; 
reg_alpha = 0.0   
 
    These hyperparameters were selected to balance model complexity and generalization capability, while avoiding overfitting 
given the limited size of the dataset. 
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3.4 Residual learning strategy 

     The proposed hybrid framework is based on a residual learning formulation, where the machine learning model is used to 
predict the deviation between the physics-based prediction and the experimental observations. 
 
     The final fatigue life prediction is expressed on a decadic logarithmic scale as: 
 

log10�𝑁𝑁𝑓𝑓,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝� = log10�𝑁𝑁𝑓𝑓,𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦� +  Δ   (8) 
 
where Δ represents the residual correction learned by the XGBoost model. This formulation ensures that the analytical energy-
based model governs the global physical trend, while the machine learning component acts strictly as a correction layer. 
Unlike conventional approaches that increase model complexity by introducing additional fatigue parameters, the present 
strategy interprets the prediction error as a systematic and non-random deviation associated with multiaxial loading. This 
perspective provides a more flexible and physically consistent alternative to multiparameter models such as Tobajas et al. 
(2020), where additional variables are explicitly introduced. In contrast, the proposed approach allows the model to implicitly 
capture complex loading interactions by learning the deviation Δ, thereby improving prediction accuracy without increasing 
the number of empirical parameters. This residual learning formulation is particularly effective for addressing the multiaxial 
gap, as it enables the model to correct the lack of sensitivity of classical energy-based descriptors to complex loading paths. 

3.5. Model evaluation 

     The predictive capability of both the baseline energy model and the proposed hybrid framework was quantitatively assessed 
using standard regression metrics. Given that the training and predictions are performed on a decadic logarithmic scale, these 
metrics evaluate the error in terms of orders of magnitude, which is consistent with the exponential nature of fatigue life. The 
coefficient of determination (𝑅𝑅2), root mean square error (RMSE), and mean absolute error (MAE) are defined by expressions 
(9), (10) and (11): 

𝑅𝑅2 = 1 −
� (𝑛𝑛

𝑖𝑖=1 𝑦𝑦𝑖𝑖 − 𝑦𝑦�𝑖𝑖)2

� (𝑛𝑛
𝑖𝑖=1 𝑦𝑦𝑖𝑖 − 𝑦̄𝑦)2

 
(9) 

RMSE = �
1
𝑛𝑛
�(
𝑛𝑛

𝑖𝑖=1

𝑦𝑦𝑖𝑖 − 𝑦𝑦�𝑖𝑖)2 
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MAE =
1
𝑛𝑛
� ∣
𝑛𝑛

𝑖𝑖=1

𝑦𝑦𝑖𝑖 − 𝑦𝑦�𝑖𝑖 ∣ 
(11) 

Here 
 

• 𝑦𝑦𝑖𝑖  : experimental value of log10(𝑁𝑁𝑓𝑓) for the 𝑖𝑖-th specimen (observed fatigue life in logarithmic scale). 
• 𝑦𝑦�𝑖𝑖 : predicted value of log10(𝑁𝑁𝑓𝑓) for the 𝑖𝑖-th specimen (from the physics-based or hybrid model). 
• 𝑦̄𝑦 : arithmetic mean of all experimental log10(𝑁𝑁𝑓𝑓) values over the dataset. 
• 𝑛𝑛 : total number of samples (data points) in the evaluation set. 

     High 𝑅𝑅2 values combined with low RMSE and MAE indicate strong predictive performance and generalization capability. 
These statistical indicators facilitate a direct comparison with the scatter band analysis (𝑇𝑇𝑊𝑊) typically employed in rubber 
fatigue studies, such as the multiparameter evaluation conducted by Tobajas et al. (2020). The evaluation procedure follows 
common practices adopted in fatigue life prediction using data-driven models (Mars & Fatemi, 2004), ensuring comparability 
and reproducibility of results across different methodologies. 

4. Results and discussion  

     The predictive performance of the physics-based energy model was first evaluated using the strain energy density 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  
as the primary fatigue descriptor. As shown in Figure 6a, the model captures the overall trend of fatigue life with a satisfactory 
correlation (R2≈0.95), confirming its relevance as a physically grounded first-order approximation. However, a systematic 
deviation from the ideal prediction line is clearly observed, particularly under multiaxial loading conditions. This deviation 
suggests that the scalar energy-based formulation is unable to fully represent the complex interactions governing fatigue under 
combined loading. 
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      To further analyze this limitation, the residual was defined in section 3 by expression (7). 

Δ = log10�𝑁𝑁𝑓𝑓,𝑒𝑒𝑒𝑒𝑒𝑒� − log10�𝑁𝑁𝑓𝑓,𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦� 

     The residual distribution is presented in Fig. 6b. The results clearly reveal a non-random pattern, indicating the presence 
of a structured discrepancy between experimental observations and physics-based predictions. This discrepancy, referred to 
as the multiaxial gap, reflects the inability of classical energy-based models to account for nonlinear coupling effects and 
heterogeneous energy dissipation mechanisms under multiaxial loading. Given the structured nature of this deviation, an 
XGBoost model was introduced to learn the residual. As shown in Figure 6b, the predicted residual closely follows the 
experimental trend, demonstrating that the model effectively captures the underlying pattern associated with multiaxial 
loading. This confirms that the prediction error is not dominated by random noise, but rather by missing physical interactions 
not represented in the analytical formulation. The hybrid prediction is then obtained as expression (8): 

log10�𝑁𝑁𝑓𝑓,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝� = log10�𝑁𝑁𝑓𝑓,𝑝𝑝ℎ𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦� +  Δ  

     The performance of the hybrid model is presented in Fig. 6c, where a clear improvement in prediction accuracy is observed 
(R² ≈ 0.97), together with a reduced dispersion around the ideal prediction line. In particular, most data points fall within a 
narrow scatter band (fatigue life factor), indicating good agreement between predicted and experimental results. Compared to 
the physics-based model, the predictions are more uniformly distributed, confirming that the systematic deviation associated 
with multiaxial loading has been effectively corrected. This indicates that the hybrid approach improves prediction by 
reducing systematic bias rather than increasing model complexity. 
 
Table 1. Performance comparison between physics-based and hybrid models 

Model R² RMSE MAE 
Physics-based (training set) 0.9656 0.1670 0.1354 
Hybrid model (training set) 0.9895 0.0924 0.0420 
Physics-based (test set) 0.9713 0.1964 0.1754 
Hybrid model (test set) 0.9704 0.1996 0.1915 

     A significant improvement is observed on the training set, where the hybrid model reduces prediction error and increases 
the coefficient of determination. In contrast, the performance on the independent test set remains comparable to that of the 
physics-based model. This indicates that the improvement is primarily associated with the correction of systematic bias rather 
than an increase in generalization capacity. This behavior is consistent with the residual learning strategy, where the machine 
learning model is not used to learn the full mapping, but rather to correct structured discrepancies between the analytical 
prediction and experimental observations. As a result, the hybrid model improves alignment with experimental data without 
introducing artificial performance gains due to overfitting.  

 

 

Fig. 6. Illustration of the residual learning framework: (a) physics-based prediction, (b) structured residual (multiaxial gap) 
and XGBoost prediction, (c) corrected hybrid prediction. 

      From a broader perspective, this result provides a key insight into the limitations of existing fatigue models. Classical 
energy-based approaches, as well as multiparameter formulations such as those proposed by Tobajas et al. (2020), typically 
aim to improve predictive accuracy by increasing the number of fatigue descriptors. While such approaches can reduce 
dispersion, they often lead to increased model complexity without explicitly addressing the origin of the discrepancy. In 
contrast, the present framework interprets the prediction error as a physically meaningful quantity associated with multiaxial 
interactions. By modeling this discrepancy directly, the proposed approach avoids the need for additional empirical parameters 
and provides a more parsimonious and interpretable solution. This perspective is also consistent with recent developments in 
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physics-informed machine learning, where data-driven models are used to complement, rather than replace, analytical 
formulations. 

      The ablation study (Fig. 7) further supports this interpretation. While both 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚 individually provide reasonable 
predictions, their combination significantly improves predictive accuracy, confirming their complementary roles in capturing 
multiaxial fatigue behavior. This result highlights that fatigue under complex loading cannot be fully described by a single 
scalar parameter, but rather emerges from the interaction between geometric deformation and energy dissipation mechanisms. 
Overall, the proposed framework demonstrates that multiaxial fatigue behavior can be interpreted as a structured and learnable 
discrepancy between analytical predictions and experimental observations. By explicitly modeling this discrepancy, the hybrid 
approach provides a robust and physically consistent alternative to traditional multiparameter fatigue models. 

 

Fig. 7. Ablation study evaluating the contribution of input features to fatigue life prediction. 
(a) Model using 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 and loading mode, (b) model using 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  and loading mode, (c) model combining 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 and 

𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚 .The results show that while 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 provides slightly better standalone performance, the combination of 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  
significantly improves prediction accuracy, highlighting their complementary roles in capturing multiaxial fatigue behavior. 
 
5. Conclusion 
 
     This study proposes a physics-informed hybrid framework for fatigue life prediction of carbon-black reinforced rubber 
under multiaxial loading conditions. The main conclusions can be summarized as follows: 
 
• Role of physically meaningful descriptors: The results show that both the maximum principal strain (𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚) and the strain 
energy density (𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚) , derived from Yeoh hyperelastic modeling, play essential and complementary roles in fatigue 
prediction. While 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚  reflects energy dissipation mechanisms and provides a strong physical basis, 𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚 captures geometric 
deformation effects. Their combination leads to improved predictive capability, highlighting the multi-parameter nature of 
multiaxial fatigue behavior. 
• Identification of the multiaxial gap: A systematic and non-random deviation between experimental observations and physics-
based predictions was identified, referred to as the multiaxial gap. This discrepancy becomes particularly pronounced under 
complex loading conditions, where classical formulations fail to capture nonlinear coupling effects and heterogeneous energy 
distribution. 
• Effectiveness of residual learning: By introducing XGBoost as a residual learning correction layer, the proposed framework 
improves predictive accuracy, achieving R² ≈ 0.97 on independent data and up to R² ≈ 0.99 under full-data conditions, with a 
significant reduction in prediction error. More importantly, the improvement is not solely reflected by global metrics, but by 
the ability of the model to correct systematic deviations associated with multiaxial loading. This approach enables the model 
to effectively bridge the multiaxial gap without increasing model complexity. 
• Physics consistency and interpretability: The machine learning component is not used to replace the underlying mechanical 
laws, but to correct their systematic limitations. This ensures that the model remains physically interpretable while benefiting 
from data-driven accuracy, avoiding the limitations of purely black-box approaches. 
• Engineering implications: From an engineering perspective, the proposed framework enables a reduction in design 
conservatism and supports the development of optimized elastomeric components. Its potential integration into finite element 
analysis (FEA) workflows as a post-processing tool offers a reliable and efficient solution for fatigue life prediction, reducing 
experimental costs and development time. 
Overall, this work demonstrates that multiaxial fatigue behavior can be interpreted as a systematic and learnable discrepancy 
between analytical predictions and experimental observations. This leads to a key conceptual insight: instead of increasing 
model complexity through additional fatigue parameters, the missing physics can be captured through residual learning. 
This approach opens new perspectives for physics-informed machine learning in durability engineering, providing a robust 
balance between physical modeling and data-driven prediction. 
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