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 In the present work, a statistical modeling of the % increase in von-Mises and Tresca stress was done 
for a structural steel pipe containing a semi-ellipsoidal internal corrosion defect subjected to internal 
hydrostatic pressure. An analytical solution was developed considering the internal corrosion defect 
length (z), width (x), depth (y), and internal hydrostatic pressure (P) as independent variables. The 
finite element analysis (FEA) simulated dataset was used for modeling. The analytical equations 
demonstrated high predictive accuracy, with coefficients of determination (R²) of 98.64% for von- 
Mises stress and 98.38% for Tresca stress. The stress distribution from FEA was nearly similar 
quantitatively for both stresses; however, their patterns exhibited noticeable differences in their 
respective profiles inside and outside of the curvature of the internal corrosion defect. The contour 
plots for the percentage increase in von-Mises and Tresca stresses revealed both elastic and plastic 
regimes. The maximum percentage increase in von-Mises stress remained slightly below the ultimate 
tensile strength of the specimen. In contrast, the contour plots for Tresca stress indicated a limited 
region in which the stress exceeded the ultimate tensile strength. For the linear effect, the geometrical 
variable x (width of the internal corrosion defect) exhibited a negative T-value, indicating that an 
increase in x reduces the percentage increase in both von-Mises and Tresca stresses. The significance 
of standardized effects for von-Mises stress was in the order of P > y > z > x > zy > yp > zz > xy > xP 
> zP > xx. However, for the Tresca stress, the order was P > y > x > z > zy > yp > xy > zz > xP > zP > 
xx. The steel pipe with an internal corrosion defect of minimum length (z = 30 mm), maximum width 
(x = 134 mm), and minimum depth (y = 0.5 mm) exhibited the lowest von-Mises and Tresca stresses. 
However, the maximum stresses were observed for a defect with maximum length (z = 454 mm), 
minimum width (x = 26 mm), and maximum depth (y = 1.5 mm).  
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1. Introduction  

      
      Oil pipelines constructed from carbon steel play a crucial role in the oil and gas industry, serving as the primary 
infrastructure for transporting crude oil (Hart, 2014; Martínez-Palou et al., 2011). The widespread use of carbon steel pipelines 
can be attributed to their exceptional mechanical properties, high resistance to pressure, cost-effectiveness, and installation 
(Dwivedi et al., 2017; Kim et al., 2020). These features make carbon steel an ideal material for crude oil transportation 
systems, whether deployed onshore or offshore. In practice, these pipelines are often exposed to harsh service conditions, 
including elevated internal pressures, fluctuating thermal loads, and contact with chemically aggressive media. The reliable 
operation of carbon steel pipeline systems is essential for continuous energy transport, stable industrial operations, and 
ongoing economic development. Despite their recognized strengths, carbon steel pipelines are vulnerable to several 
degradation mechanisms, with internal corrosion being one of the most significant and persistent threats to long-term structural 
performance.  
 
     Internal corrosion defects mainly originate from complex electrochemical reactions between the steel surface and corrosive 
agents present in crude oil and associated production fluids. The severity of corrosion is greatly affected by the combined 
presence of water, dissolved acidic gases, chlorides, organic acids, suspended solids, and microbiological activity, all of which 
accelerate the corrosion process (Barker et al., 2017; Cheng, 2015). Over time, the accumulation of these defects results in 
reduced wall thickness and a decline in the pipeline’s mechanical performance, including its pressure-bearing capacity and 
overall structural reliability (Alamri, 2020; Prasad et al., 2018). 
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     The mechanical performance of steel pipelines is significantly affected by the presence of embedded internal corrosion 
defects (Capula Colindres et al., 2020; Fahed et al., 2020). Internal pressure is the principal mechanical loading condition that 
governs the structural response of carbon steel pipelines, and its impact becomes even more pronounced in the presence of 
corrosion defects (Arumugam et al., 2023; Chegeni et al., 2019). In an ideal, defect-free pipeline, internal pressure creates a 
stress state that determines the pipeline’s load-bearing capacity (Sherbakov et al., 2026). For design and integrity assessments, 
this stress state is typically evaluated using failure theories such as the von-Mises and Tresca criteria, which respectively 
measure equivalent stress and maximum shear stress to predict yielding under applied loads. Yang et al. explored the stress 
and strain distributions in line pipes containing corrosion groove defects, which commonly develop during outdoor storage 
due to atmospheric exposure (Yang et al., 2013). Their findings indicated that maximum stress and strain consistently occur 
at the base of the groove and maintain a linear relationship with pressure up to 6 MPa; beyond this point, the relationship 
becomes non-linear, with yielding observed at 12 MPa. However, the study focused on a simplified corrosion groove model 
with a uniform depth and did not consider more complex or realistic corrosion geometries, variable defect depths, or 
distributions that may occur in practical scenarios. Furthermore, Zhang et al. studied the effect of ellipsoidal corrosion defects 
emphasising corrosion pits (Zhang et al., 2015). Their work examined how internal pressure, as well as the length, depth, and 
spacing of corrosion pits, influenced pipeline failure pressure. The results demonstrated that failure pressure decreases non-
linearly as pit depth increases, and, in the case of axial pits, as pit length increases. This study underscored the significance of 
these parameters in pipeline safety assessments and operational management. However, the analysis of the influence of multi-
point corrosion pits on failure pressure was limited. In a related study, Han et al. analyzed the mechanical behaviour and 
failure pressure of pipelines with internal corrosion defects using a nonlinear finite element approach (Han et al., 2016). Their 
investigation considered various defect configurations, including single defects, multiple interacting defects, and multilayer 
structural defects. The results showed that von-Mises stress and plastic strain increase with rising internal pressure, while 
failure pressure decreases substantially as defect length and depth grow. In contrast, defect width was found to have only a 
minor impact on failure pressure. The study also revealed that pipelines with multiple internal defects exhibit lower failure 
pressures compared to those with a single defect, with pronounced stress concentrations occurring in the longitudinal regions 
between interacting defects. Qin et al. developed a finite element (FE)-based model to predict the three-dimensional growth 
of corrosion defects in X100 steel pipelines and their subsequent failure pressure over time (Qin et al., 2021). This model 
specifically incorporates mechano-electrochemical interactions, accounting for the combined effects of mechanical stress and 
electrochemical corrosion processes.  
 
      While numerous studies have addressed general corrosion assessment, there is still a need for a more detailed 
understanding of how localized corrosion defects alter the stress state and influence yielding behaviour under realistic loading 
conditions. The modeling of hoop stress in defect-free steel pipe were done using FEA and statistical modeling in the previous 
work (Sherbakov et al., 2026). Furthermore, in another study, similar pipes embedded with an internal corrosion defect was 
studied (Sherbakov et al., 2025). The prediction of threshold von-Mises stress and burst pressure was report. However, the 
modeling of von-Mises and Tresca stress and their dependence on the geometrical parameters of internal corrosion defect and 
internal hydrostatic pressure is still unknown. Moreover, the interacting effect of independent variables also needs to be 
addressed. This study is motivated by the critical role of pipeline integrity and the persistent threat posed by internal corrosion, 
which remains one of the most dominant degradation mechanisms affecting pipeline safety and service life. The present study 
focuses on the analysis and statistical modeling of von-Mises and Tresca stress distributions in structural steel pipelines 
containing internal corrosion defects under the influence of internal hydrostatic pressure. Analytical solutions for both von-
Mises and Tresca stress are developed by explicitly incorporating the geometric characteristics of internal corrosion defects 
together with the applied internal pressure conditions. Such analytical formulations are of significant importance in pipeline 
engineering, as they provide efficient, theoretically grounded, and computationally economical approaches for evaluating 
yielding behaviour under given loading conditions (Marques Ferreira et al., 2021; Zhu & Leis, 2007). In the context of 
pipelines containing internal corrosion defects, these expressions enable a direct and systematic quantification of the variables 
on stress intensification and overall structural integrity. Furthermore, these analytical solutions serve as reliable benchmark 
tools for the verification and validation of numerical simulations, particularly finite element models, while also enabling rapid 
engineering assessments through the estimation of allowable operating pressures, safety margins, and critical defect 
dimensions without the need for extensive computational analysis (Zhu, 2023; Zhu & Leis, 2012). From an industrial 
perspective, the outcomes of this study are directly applicable to pipeline integrity management, fitness-for-service 
evaluations, and risk-based inspection planning. In particular, the proposed analysis can assist engineers in identifying critical 
corrosion defect sizes, optimizing maintenance strategies, and enhancing safety margins, thereby contributing to the safer and 
more reliable operation of pipeline systems under real service conditions. A total of 81 different runs were done by considering 
27 different geometrical parameters with 3 different internal hydrostatic pressures. The interacting effect of independent 
variables has been studied using analysis of variance (ANOVA) and contour plots.  
 
2. Materials and Methods 
 
     The tested material was a structural steel, circular thick-walled pipe. The internal and external radii were 360 mm and 
352.2 mm, respectively. This steel pipe was embedded with a semi-ellipsoidal internal corrosion defect with varying 
dimensions. The length (z) of internal corrosion defect was varied in the steps of 30 mm, 157.4 mm, and 454 mm; the width 
(x) of the internal corrosion defect was varied in the steps of 26 mm, 62.1 mm, and 134 mm; depth (y) of internal corrosion 
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defect was varied in the steps of 0.5 mm, 0.9 mm, and 1.7 mm. The dimensions of the steel pipe and properties of structural 
steel are shown in Table 1.  
 
Table 1. Dimensions and properties of structural steel pipe. 

 
Dimensions of 
structural steel pipe 

Internal radius 
(r1), mm 

External radius 
(r2), mm 

Length, mm Pipe wall thickness, 
mm 

351.20 360 1500 8.8 

Properties of 
structural steel 

Young’s modulus, E 
(MPa) 

Poisson’s ratio, 
ʋ 

Endurance limit, 
(MPa) 

Yield strength 
(MPa) 

Flow stress (MPa) 
 

Ultimate 
tensile strength 
(MPa) 

2.00E+05 0.3 230 250 319 460 

 
      The FEA simulation of von-Mises and Tresca stress for a pipe embedded with an internal corrosion defect under the 
influence of internal hydrostatic pressures of 2.2 MPa, 4.5 MPa, and 6 MPa was done using a finite element method-based 
software, ANSYS 22.0 R1. The pipe curvature with internal corrosion defect and orientation of the co-ordinates along the z, 
x, and y directions is shown in Fig. 1.  The FEA simulation calculated von-Mises stress in terms of equivalent stress and 
Tresca stress in terms of stress intensity. It is important to know that the calculated stress intensity (Tresca stress) from ANSYS 
is different from the stress intensity associated with fracture mechanics.  
 

 
 

Fig. 1. Mesh generated for pipe curvature and internal corrosion defect using ANSYS 2022 FEA software. 
 
      The calculated von-Mises and Tresca stress from FEA simulation were modeled using a 4-parameter statistical RSM 
modeling using MINITAB 22.2.0 software. An analytical equation was developed for von-Mises and Tresca stress as a 
function of the internal corrosion defect’s geometry and internal hydrostatic pressure. Furthermore, the accuracy of the model 
(and analytical equations) was determined using the model diagnostics. The contour plots were then generated, and different 
combinations of independent variables were determined considering the endurance limit, yields stress, and ultimate tensile 
stress as safe design stress for the pipeline. The flow chart of the entire process is presented in Fig. 2.  
 

 
 

Fig. 2. Flow chart for simulation, modeling, and analysis. 
 
    The boundary conditions for the current work: 
 
Internal hydrostatic pressure: 2.2 MPa, 4.5 MPa, and 6 MPa. 
External pressure: 0. 
Axial pressure and fluid shear stress: 0. 
Internal corrosion defect’s length: 30 mm, 157.4 mm, and 454 mm. 
Internal corrosion defect’s width: 26 mm, 62.1 mm, and 134 mm. 
Internal corrosion defect’s depth: 0.5 mm, 0.9 mm, and 1.7 mm 
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3. Results and discussion 
 
     This section describes the FEA simulation, formulation of the statistical RSM model followed by an analysis of variance 
(ANOVA). The diagnostics of the model, exhibiting how well the model fits, are discussed. Furthermore, the analysis of 
contour plot results is presented.  
 
3.1. FEA Simulation 
 
     In ANSYS simulation, the equivalent stress gives the value for von-Mises stress and stress intensity provides the values 
for Tresca stress. The validation of this FEA simulation has been reported in the previous work (Sherbakov et al., 2025). The 
values of these stresses for internally corroded structural steel pipe depend on the geometry of the internal corrosion defect 
and internal hydrostatic pressure. The FEA simulation results for % increase in maximum von-Mises and maximum Tresca 
stress were presented in Table 2.   A total of 81 conditions, considering the 27 different geometrical dimensions of the internal 
corrosion defect and 3 different internal hydrostatic pressures, were considered for FEA simulation.  
 
Table 2. Independent variables and corresponding responses for 81 different runs for RSM. 

Run Independent 
variable 1 
A: Length (z), mm 

Independent variable 
2 
B: Width (x), mm 

Independent variable 
3 
C: Depth (y), mm 

Independent variable 
4 
D: Pressure (P), MPA 

Response: 1 
% increase in σmises 

(max.) 

Response: 2 
% increase in Tresca stress 
σTresca (max.) 

1 30 26 0.5 2.2 5.41 7.28 
2 30 26 0.9 2.2 13.54 16.61 
3 30 26 1.7 2.2 30.72 36.12 
4 30 62.1 0.5 2.2 0.51 1.03 
5 30 62.1 0.9 2.2 9.38 10.60 
6 30 62.1 1.7 2.2 13.41 13.93 
7 30 134 0.5 2.2 0.00 0.00 
8 30 134 0.9 2.2 1.57 0.98 
9 30 134 1.7 2.2 6.82 8.40 
10 157.4 26 0.5 2.2 12.82 15.53 
11 157.4 26 0.9 2.2 28.42 33.10 
12 157.4 26 1.7 2.2 65.48 74.46 
13 157.4 62.1 0.5 2.2 8.34 9.90 
14 157.4 62.1 0.9 2.2 23.69 26.60 
15 157.4 62.1 1.7 2.2 40.84 44.36 
16 157.4 134 0.5 2.2 4.05 4.47 
17 157.4 134 0.9 2.2 11.81 12.13 
18 157.4 134 1.7 2.2 29.25 29.51 
19 454 26 0.5 2.2 15.11 18.21 
20 454 26 0.9 2.2 33.22 38.69 
21 454 26 1.7 2.2 78.36 89.32 
22 454 62.1 0.5 2.2 12.31 14.68 
23 454 62.1 0.9 2.2 27.4 31.47 
24 454 62.1 1.7 2.2 63.26 71.08 
25 454 134 0.5 2.2 7.48 8.63 
26 454 134 0.9 2.2 18.35 20.14 
27 454 134 1.7 2.2 43.73 47.12 
28 30 26 0.5 4.5 115.62 119.43 
29 30 26 0.9 4.5 132.24 138.52 
30 30 26 1.7 4.5 167.37 178.44 
31 30 62.1 0.5 4.5 105.6 106.64 
32 30 62.1 0.9 4.5 123.74 126.23 
33 30 62.1 1.7 4.5 131.98 133.04 
34 30 134 0.5 4.5 104.55 104.55 
35 30 134 0.9 4.5 107.76 106.55 
36 30 134 1.7 4.5 118.5 121.73 
37 157.4 26 0.5 4.5 130.76 136.32 
38 157.4 26 0.9 4.5 162.68 172.25 
39 157.4 26 1.7 4.5 238.48 256.86 
40 157.4 62.1 0.5 4.5 121.61 124.80 
41 157.4 62.1 0.9 4.5 153.01 158.95 
42 157.4 62.1 1.7 4.5 188.07 195.28 
43 157.4 134 0.5 4.5 112.83 113.68 
44 157.4 134 0.9 4.5 128.69 129.36 
45 157.4 134 1.7 4.5 164.38 164.92 
46 454 26 0.5 4.5 135.45 141.79 
47 454 26 0.9 4.5 172.5 183.69 
48 454 26 1.7 4.5 264.83 287.25 
49 454 62.1 0.5 4.5 129.73 134.58 
50 454 62.1 0.9 4.5 160.59 168.91 
51 454 62.1 1.7 4.5 233.93 249.95 
52 454 134 0.5 4.5 119.85 122.19 
53 454 134 0.9 4.5 142.07 145.74 
54 454 134 1.7 4.5 193.99 200.92 
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Table 2. Independent variables and corresponding responses for 81 different runs for RSM. (Continued) 
Run Independent 

variable 1 
A: Length (z), mm 

Independent variable 
2 
B: Width (x), mm 

Independent variable 
3 
C: Depth (y), mm 

Independent variable 
4 
D: Pressure (P), MPA 

Response: 1 
% increase in σmises 

(max.) 

Response: 2 
% increase in Tresca stress 
σTresca (max.) 

55 30 26 0.5 6 187.49 192.57 
56 30 26 0.9 6 209.66 218.02 
57 30 26 1.7 6 256.5 271.25 
58 30 62.1 0.5 6 174.13 175.53 
59 30 62.1 0.9 6 198.32 201.64 
60 30 62.1 1.7 6 209.31 210.73 
61 30 134 0.5 6 172.73 172.74 
62 30 134 0.9 6 177.02 175.40 
63 30 134 1.7 6 191.34 195.64 
64 157.4 26 0.5 6 207.69 215.10 
65 157.4 26 0.9 6 250.24 263.00 
66 157.4 26 1.7 6 351.31 375.81 
67 157.4 62.1 0.5 6 195.48 199.73 
68 157.4 62.1 0.9 6 237.35 245.27 
69 157.4 62.1 1.7 6 284.1 293.70 
70 157.4 134 0.5 6 183.78 184.91 
71 157.4 134 0.9 6 204.92 205.81 
72 157.4 134 1.7 6 252.51 253.22 
73 454 26 0.5 6 213.93 222.39 
74 454 26 0.9 6 263.34 278.26 
75 454 26 1.7 6 386.43 416.33 
76 454 62.1 0.5 6 206.31 212.78 
77 454 62.1 0.9 6 247.45 258.55 
78 454 62.1 1.7 6 345.24 366.60 
79 454 134 0.5 6 193.13 196.26 
80 454 134 0.9 6 222.76 227.66 
81 454 134 1.7 6 291.99 301.22 

 
 
     The von-Mises and Tresca stress distribution for a structural steel pipe specimen having an internal corrosion defect’s 
length of 30 mm (minimum), width of 134 mm (maximum), depth of 0.5 mm (minimum), and P of 2.2 MPa (minimum) is 
presented in Fig. 3. The von-Mises and Tresca stress observed was well below the endurance limit of the material (230 MPa). 
Hence, the pipeline was safe under these conditions. It was observed that both von-Mises and Tresca stress distributions 
exhibited almost similar values; however, their stress distribution profiles showed somewhat different stress distribution. Most 
of the pipeline design modeling was based on either von-Mises stress or Tresca stress. The similar values of these stresses 
also support the hypothesis of considering both the stresses for pipeline design. Furthermore, these two stresses were based 
on different design theories (distortion energy and maximum shear stress).  
 

  
Fig. 3. FEA simulation for pipe specimen having an internal 
corrosion defect’s z of 30 mm, x of 134 mm, y of 0.5 mm, and 
internal hydrostatic pressure of 2.2 MPa (a) von-Mises stress 
distribution, and (b) Tresca stress distribution. 

Fig. 4. FEA simulation for pipe specimen having an internal 
corrosion defect’s z of 454 mm, x of 26 mm, y of 1.7 mm, and 
internal hydrostatic pressure of 6 MPa (a) von-Mises stress 
distribution, and (b) Tresca stress distribution. 

 
     The stress distribution for a specimen having an internal corrosion defect’s length of 454 mm (maximum), width of 26 mm 
(minimum), depth of 1.7 mm (maximum), and P of 6 MPa (maximum) is presented in Fig. 4. It was observed that the 
maximum von-Mises stress of 457.1 MPa was observed closed to the ultimate tensile stress of material (460 MPa); while the 
maximum Tresca stress of 488.97 MPa overcomes the ultimate tensile stress of material (460 MPa). 
 
3.2.1. Statistical modeling of von-Mises stress 
 
     The modeling of % increases in von-Mises stress was done considering 4 different independent variables (x, y, z, and P). 
These variables characterize the internal corrosion defect geometry (x, y, and z) and internal hydrostatic pressure (P). The 
functional relationship is defined as:  
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% 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑣𝑣𝑣𝑣𝑣𝑣 − 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑓𝑓{𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑃𝑃} + λ (1) 
 
     The approximation error was given by the term λ; it is a statistical error. The natural value of independent variables was 
transformed into the coded values using the equation below: 
 

(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑃𝑃)𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
[((𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑃𝑃)𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 − (𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑃𝑃)𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)]

𝛥𝛥(𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑃𝑃)𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
 

(2) 

 
where 
 
(x, y, z, P)coded = Coded values used for statistical modeling. 
(x, y, z, P)natural = Natural values of independent variables as shown in Table 1. 
(x, y, z, P)center = The midpoint of the natural value of independent variables. 
Δ(x, y, z, P)natural = Change in step for natural value of independent variables.  
 
     The coded coefficients of the statistical model and standard error of coefficient (SE), T-values, p-values, and Variance 
inflation factor (VIF) are presented in Table 3.  
 
Table 3. The coded coefficient, SE, T-values, p-values and VIF of the statistical model for the % increase in von-Mises stress. 

Term Coefficient SE Coefficient T-Value p-Value VIF 
Constant Blocks 144.11 5.14 28.04 0.000  
1 -2.37 3.56 -0.67 0.508 6.42 
z 25.01 1.88 13.27 0.000 2.09 
x -17.83 1.43 -12.45 0.000 1.19 
y 32.56 1.37 23.79 0.000 1.09 
P 108.91 2.15 50.57 0.000 2.63 
z*z -19.86 2.83 -7.02 0.000 1.05 
x*x 7.51 2.67 2.82 0.006 1.05 
y*y 0.14 2.65 0.05 0.957 1.04 
P*P -1.09 2.94 -0.37 0.712 1.47 
z*x -2.32 1.58 -1.47 0.146 1.05 
z*y 15.88 1.57 10.14 0.000 1.04 
z*P 8.27 2.44 3.38 0.001 2.46 
x*y -11.00 1.58 -6.97 0.000 1.04 
x*P -7.81 1.73 -4.51 0.000 1.21 
y*P 14.68 1.60 9.20 0.000 1.03 

 
     In statistical modeling, the SE coefficient indicates how precisely the model coefficient was estimated. The smaller SE 
coefficient for all variables indicated that the statistical model is estimated precisely. The SE is defined as: 
 
𝑆𝑆𝑆𝑆(𝛽𝛽𝑖𝑖) = �𝑀𝑀𝑀𝑀𝑀𝑀[(𝑋𝑋𝑇𝑇𝑋𝑋)−1]𝑖𝑖𝑖𝑖  (3) 

         
where, 
 
𝛽𝛽 = Estimated coefficient for linear, interaction, and quadratic terms shown in Table 3.  
 
The mean squared error (MSE) is given by: 
 

𝑀𝑀𝑀𝑀𝑀𝑀 =
𝑠𝑠𝑠𝑠𝑠𝑠 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

(𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝) 
(4) 

 
X = Design matrix of the model. 
(XTX)-1 = Inverse of the information matrix. 
[(XTX)-1]ii = Diagonal element for coefficient i.  
 
The T-values measure how many standard errors a coefficient is away from zero. It is given by: 
 
𝑇𝑇 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = 𝛽𝛽𝑖𝑖

𝑆𝑆𝑆𝑆(𝛽𝛽𝑖𝑖)
  (5) 

 
The T-value for the linear effect of all independent variables was highly significant, which demonstrates that all variables play 
a major role in influencing the % increase in von-Mises stress. The T-value for internal hydrostatic pressure was 50.57, which 
was the highest among all. It makes the internal hydrostatic pressure the most dominating factor, followed by depth (T-value 
of 23.79), length (T-value of 13.27), and width (T-value of -12.45) of independent variables. The negative T-value for the 
width of internal corrosion defects indicates that an increasing width will decrease the % increase in von-Mises stress. 
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However, for the quadratic terms, a T-value of -7.02 for z2 and 2.82 for x2 was statistically significant. It confirms the presence 
of curvature in the response surface. Other, quadratic terms (y2 and P2) were not significant. The complexity of the statistical 
model was governed by interaction effects. The order of complexity due to interaction was zy (T-value of 10.14), yP (T-value 
of 9.02), xy (T-value of -6.97), xP (T-value of -4.51), and zP (T-value of 3.38). The interaction effect of length-width (zx) was 
not significant, indicating a negligible interaction between these two variables.  The results of T-values indicated that the 
system was driven by strong linear effects, key interactions, and notable curvature in z and x. Hence, the hypothesis of 
considering both interaction and quadratic terms was supported for statistical modeling. The probability of observing a T-
value (called the p-value) as extreme as the one calculated if the true coefficient were zero is given by: 
 
𝑝𝑝 − 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = 2𝑝𝑝�𝑇𝑇𝑑𝑑𝑑𝑑 > |𝑇𝑇 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣|� (6) 

 
where, 
 
df = n-p, degrees of freedom of the statistical model. 
Tdf = T-distribution with df degrees of freedom. 
The interpretation of the p-value supported the results of the T-value. A p-value of less than 0.0500 indicated that the model 
terms were significant for all model terms except y2, P2, and zx.  
The Variance inflation factor is defined for a predictor xi as: 
 

𝑉𝑉𝑉𝑉𝑉𝑉𝑖𝑖 =
1

�1 − 𝑅𝑅𝑖𝑖2�
 (7) 

where 
 
Ri is the coefficient of determination when xi  is regressed against all other predictors in the statistical model. A VIF of up to 
1 exhibited non- multicollinearity, and a value in the range of 1 to 5 showed moderate correlation in the acceptable range. 
Furthermore, a VIF of more than 10 indicated a high multicollinearity, which was not observed for any linear, quadratic, or 
interacting variables. Therefore, the VIF analysis showed that multicollinearity was generally low, indicating that most of the 
predictors were largely independent and the coefficient estimates were reliable. The values of the coefficient of determination 
are presented in Table 4. The excellent level of fit was observed as a coefficient of determination (R2) of 99.17 % was obtained 
for the statistical model. The difference between the model’s coefficient of determination and adjusted coefficient of 
determination was 0.19 %, indicating a good agreement. The predicted coefficient of determination was very close to the 
model’s coefficient of determination, further supporting the statistical model’s strong predictive ability and accuracy of 
estimation of data points. The standard error (S = 9.82408) reflects a relatively small deviation.  
 
Table 4. Coefficient of determination for % increase in von-Mises stress. 

S R2 R2 (Adjusted) R2 (predicted) 
9.82408 99.17 % 98.98 % 98.64 % 

 
     The analysis of variance (ANOVA) is presented in Table 5. The df in Table 5 defines “degree of freedom”; it was 4 
different degrees of freedom for linear terms (z, x, y, and P), 4 for square terms (z2, x2, y2, P2), and 6 for interaction (zx, zy, zP, 
xy, xP, yP). The total degree of freedom is defined as: 
 
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑜𝑜𝑜𝑜 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = (𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 − 1) (8) 

 
     The sum of squares (adjusted) was the amount of variation explained by a term after accounting for all the other terms in 
the model. The SS (adjusted) for the statistical model was 747035, which accounts for the vast majority of the total variation 
(753308). It leaves only a small residual error of 6273 and provides a coefficient of determination of 99.17 %. It also supports 
the fit statistics of Table 4. The acceptable coefficient of determination of 99.17 % indicated that the statistical model was 
highly fitted with minimal unexplained variability. A minimum block effect of 43 indicated that the blocking did not 
significantly influence the % increases in von-Mises stress. Furthermore, a relatively small relative residual error supports the 
adequacy and reliability of the statistical model.  
 
  The mean squared (adjusted) is defined as: 
 
𝑀𝑀𝑀𝑀 (𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎) = 𝑆𝑆𝑆𝑆 (𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎)

𝑑𝑑𝑑𝑑
  (9) 

 
      The MS (adjusted) provided a similar hypothesis to SS (adjusted). A minimal MS (adjusted) error of 97 indicated a highly 
reliable and precise estimation. Overall, the statistical model exhibits strong nonlinear behaviour and pronounced interactions. 
The model’s robustness, combined with low experimental error, indicated that the hypothesis of considering both interaction 
and quadratic effects rather than linear terms alone provided a better and more accurate model. The F-value is a statistical 
metric that provides an idea about whether a factor, interaction, or the overall model significantly explains variation in the % 
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increase in the von-Mises stress. The independent variables P (F-value of 2557.72) and y (F-value of 565.81) had the most 
substantial influence on the % increase in von-Mises stress, while z (F-value of 176.19) and x (F-value of 154.88) had 
moderate but significant effects. The quadratic (curvature) effect was dominated by the independent variable z2 (F-value of 
49.34). The two-way interaction was in the order of zy (F-value of 102.76) > yP (F-value of 84.58) > xy (F-value of 48.55). 
The other terms showed either a minor or negligible effect on the % increase in von-Mises stress. The F-value analysis 
supports the non-linear and interaction effect of independent variables. 
  
Table 5. ANOVA for statistical RSM model for % increase in von-Mises stress. 

Source df Sum of squares, SS 
(adjusted) 

Mean Square, MS 
(adjusted) F-value p-value 

Model 15 747035 49802 516.02 0.000 
Blocks 1 43 43 0.44 0.508 
Linear 4 13226 94547 979.63 0.000 
z 1 1261 17005 176.19 0.000 
x 1 2055 14948 154.88 0.000 
y 1 8415 54608 565.81 0.000 
P 1 4 246852 2557.72 0.000 
Square 4 5516 1379 14.29 0.000 
z*z 1 4762 4762 49.34 0.000 
x*x 1 766 766 7.94 0.006 
y*y 1 0 0 0.00 0.957 
P*P 1 13 13 0.14 0.712 
2-Way Interaction 6 27338 4556 47.21 0.000 
z*x 1 209 209 2.16 0.146 
z*y 1 9918 9918 102.76 0.000 
z*P 1 1104 1104 11.44 0.001 
x*y 1 4685 4685 48.55 0.000 
x*P 1 1965 1965 20.36 0.000 
y*P 1 8163 8163 84.58 0.000 
Error 65 6273 97   
Total 80 753308    

 
     The Pareto chart for standardized effect is shown in Fig. 5. It is a graphical tool which identifies the most significant 
variable for the % increase in von-Mises stress. The standardized effect is defined as: 
 

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 =
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑜𝑜𝑜𝑜 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
 

(10) 

 
      The reference line is indicated by red color, the term outside the reference line indicates the statistically significant, and 
the term inside the reference line indicates the non-significance. Therefore, all terms except zx, P2, and y2 were statistically 
significant terms. The significance is indicated by bars; the significance of standardized effects was in the order of P > y > z 
> x > zy > yp > z2 > xy > xP > zP > x2. It was once again confirmed from the Pareto chart that the internal hydrostatic pressure 
(standardized effect of 50.57) and depth of internal corrosion defect (standardized effect of 23.78) were statistically significant 
variables influencing the % increase in von-Mises stress.  
 

 
 
Fig. 5. Pareto chart for standardized effect of the statistical model considering the % increase in von-Mises stress as the 
response. 
 
     The residual plot is shown in Fig. 6. This plot provided an idea about model reliability for the prediction of the % increase 
in von-Mises stress. The residual is the difference between the observed % increase in von-Mises stress and the predicted 
response. It is defined as: 
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𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 =
�% 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑣𝑣𝑣𝑣𝑣𝑣 −𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝐹𝐹𝐹𝐹𝐹𝐹)�

�% 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑣𝑣𝑣𝑣𝑣𝑣 − 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)�
 

(11) 

 
     The set of residuals followed a normal distribution as the dataset approximately lies in a straight line, as shown in Fig. 6 
(a). The two extreme runs were lying outside the straight line (run numbers 1 and 81), which was observed because the 
regression used the initial values model prediction. The residuals (in the Y-axis) were plotted against the predicted values 
(fitted values) from the statistical model, as shown in Fig. 6 (b), which showed a random scatter around zero, indicating a 
good fit. It did not show any geometrical pattern, which further supports that the model prediction was acceptable and higher-
order variables were significant. The histogram of the residuals is shown in Fig. 6 (c), it showed a mostly symmetrical 
distribution around zero and a bell-shaped nature. This histogram indicated that the predicted % increase in von-Mises stress 
were in agreement with the FEA data. The residuals were independent of run-order, further indicating the reliability of the 
statistical model as shown in Fig. 6 (d). It also eliminated the possibility of FEA simulation drifts.  
 

 
Fig. 6. Residual plot for % increase in von-Mises stress. (a) probability plot, (b) versus fits plot, (c) histogram, and (d) versus 
order plot. 
 
    The analytical equation developed using statistical model for the % increase in von-Mises stress is shown as: 
 

[% 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑣𝑣𝑣𝑣𝑣𝑣 − 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = −113.8 + 0.1266(𝑧𝑧) − 0.007(𝑥𝑥) − 2.5(𝑦𝑦) +
46.75(𝑃𝑃) − 0.0004420(𝑧𝑧)2 + 0.002576(𝑥𝑥)2 + 0.40(𝑦𝑦)2 − 0.301(𝑃𝑃)2 − 0.000202(𝑧𝑧𝑧𝑧) + 0.1249(𝑧𝑧𝑧𝑧) +
0.02052(𝑧𝑧𝑧𝑧) − 0.3396(𝑥𝑥𝑥𝑥) − 0.0761(𝑥𝑥𝑥𝑥) + 12.88(𝑦𝑦𝑦𝑦)    

(12) 

 
      The above analytical equation, developed using the statistical model, was verified with fit statistics (a degree of 
determination of 99.17 %, Table 4) and residual plots (Fig. 6). Therefore, this equation was used to generate the contour plots, 
which are important for engineering design for the safe transportation of fluids in the structural steel pipeline. 
  
3.2.2. Contour plot for % increase in von-Mises stress 
 
      The contour plots were generated for the optimum values of independent variables. The internal corrosion length (z), its 
depth (y) and internal hydrostatic pressure (P) envisage a positive effect on the % increase in von-Mises stress. In other words, 
an increment in the value of these independent variables increases the von-Mises stress. However, the width of the internal 
corrosion defect (x) exhibited a negative impact on the % increase in von-Mises stress. Hence, the hold values for the contour 
plots were considered as: 
 
𝑧𝑧𝑚𝑚𝑚𝑚𝑚𝑚. = 454 𝑚𝑚𝑚𝑚  (13) 
𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚. = 26 𝑚𝑚𝑚𝑚  (14) 
𝑦𝑦𝑚𝑚𝑚𝑚𝑚𝑚. = 1.7 𝑚𝑚𝑚𝑚  (15) 
𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚. = 6 𝑀𝑀𝑀𝑀𝑀𝑀 (16) 

 
     The contour plot demonstrates the response (% increase in von-Mises stress) as a function of y and z at the minimum 
internal corrosion defect width of 26 mm and maximum internal hydrostatic pressure of 6 MPa, as shown in Fig. 7. A 
significant dependence of response on ordinate (y) was observed, as increasing ordinate values lead to a significant rise in 
response. It indicated a substantial rise in response between σflow and σuts. However, the dependence of response on abscissa 
(z) was non-linear and less dominating as compared to ordinate. At the higher value of abscissa, a small change in ordinate 
provided a major change in the response. While at the lower values of abscissa, a large change in ordinate was required for a 
major change in the response.   
 



 400 

     The region below the contour lines at 239.31 (indicated by yellow color) provided the condition where the pipeline was 
safe, considering the instantaneous stress required to continue plastic deformation. This was the region where the pipeline did 
deform, but plastic deformation did not continue. It is suggested that the pipeline does not require immediate maintenance 
and can be operational. However, the region (indicated by blue color) above these contour lines, overcomes the flow stress of 
the pipeline. Hence, the pipeline required maintenance, but it was still safe considering the complete rupture situations. It is 
suggested that the contour line at 239.31 provided a sensitive zone; a small change in internal corrosion defect depth or internal 
hydrostatic pressure near the contour boundary can shift the pipeline from a controllable plasticity zone to a continuous 
plasticity zone.  
 

  
Fig. 7. Contour plot for % increase in von-Mises stress as a 
function of y and z at x of 26 mm and internal hydrostatic 
pressure of 6 MPa. 

Fig. 8. Contour plot for % increase in von-Mises stress as a 
function of P and y at z of 454 mm and x of 26 mm. 
 

 
     The contour plot demonstrates the response as a function of depth of internal corrosion defect (y) and internal hydrostatic 
pressure (P) at the maximum length (454 mm), and a minimum width (26 mm) of internal corrosion defect, as shown in Fig. 
8. The response was significantly dependent on both the variables.  The region below the contour lines at 144.68 (indicated 
by red color) provided the condition where the pipeline was safe, considering fatigue failure despite any number of cyclic 
loads. The maximum operating pressure in this region was nearly 4.5 MPa for the pipeline having the lowest possible depth 
of an internal corrosion defect. When the internal corrosion depth increased up to 1.7 mm, the maximum internal pressure 
was 2.85 MPa, considering the safe pipeline operation under fatigue loading. When the internal pressure was increased above 
4.5 MPa, the pipeline overcame the endurance limit. The region between the contour lines at 144.68 and 165.96 was safe 
considering the yield strength, but overcomes the fatigue limit. This region was considered safe, as any elastic deformation in 
the pipeline can restore itself. The region between contour lines 165.96 and 239.31 overcomes the yield strength but is still 
below the flow stress. This was the region where a plastic deformation occurred, but flow stress was not achieved. It is still 
under the safe operating condition. However, the region (indicated by blue color) above the contour line at 239.31, overcomes 
the flow stress and maintenance of the pipeline was required.  
 

  
Fig. 9. Contour plot for % increase in von-Mises stress as a 
function of y and x at z of 454 mm and P of 6 MPa. 

Fig. 10. Contour plot for % increase in von-Mises stress as 
a function of P and x at z of 454 mm and y of 1.7 mm. 

 
     The contour plot for the plane x-y at a hold value for z of 454 mm and P of 6 MPa is shown in Fig. 9. The x-y plane at this 
region was in a state of plastic regime. The contour line at 239.31 segregates the region below the flow stress (indicated by 
red color) and above the flow stress (indicated by yellow color). It was observed that when the internal corrosion depth was 
nearly above 1 mm, and the width was nearly 130 mm, the von-Mises stress overcomes the flow regime of the material. 
Hence, an immediate maintenance of the pipeline was required. The contour plot for plane P-x at a hold value for z of 454 
mm and y of 1.7 mm is shown in Fig. 10. This contour plot covers both the elastic (below yield stress) and plastic (above 
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yield stress) regions of the specimen. When the internal hydrostatic pressure was less than 2.8 MPa, the specimen was safe 
considering the endurance limit (Se of 230 MPa). It was the safest operational condition, and no maintenance was required. 
When the internal hydrostatic pressure was further increased, the % increases in von-Mises stress below the contour of 165.96 
exhibited a safe regime considering the yield stress of the material. It was the elastic region; the pipeline was safe, and still no 
maintenance was required. However, the contour area between the contour lines at 239.31 and 165.96 showed the regime 
where the specimen overcomes the yield stress but still did not achieve the flow stress. The pipeline required maintenance, 
but still safe considering the complete rapture. The regime above the contour line at 239.31 overcomes the flow stress and 
requires immediate pipeline maintenance. The contour plot for plane P-z at hold value for x of 26 mm and y of 1.7 mm is 
shown in Fig. 11. This plane covers both the elastic (below yield stress) and plastic (above yield stress) regions of the 
specimen. A combination of P and z was obtained (regime below contour lines at 144.68) for the safe pipeline operation, 
considering the endurance limit of the material. The elastic and plastic regimes were also indicated. Any internal hydrostatic 
pressure above 5.5 MPa envisages the specimen of continuous plastic deformation.  
 

 
Fig. 11. Contour plot for % increase in von-Mises stress as 
a function of P and z at x of 26 mm and y of 1.7 mm. 

 
3.3.1. Statistical modeling of Tresca stress 
 
     The similar independent variables, considering the geometry of the internal corrosion defect and internal hydrostatic 
pressure, were considered for the statistical modeling of the % increase in Tresca stress as: 
 

% 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑓𝑓{𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑃𝑃} + λ  (17) 
 
     Eq. (2) was used to convert the natural independent variables into the coded values. The coded coefficients of the statistical 
model and standard error of coefficient (SE), T-values, p-values, and Variance inflation factor (VIF) are presented in Table 
6.  
 
Table 6. The coded coefficient, SE, T-values, p-values and VIF of the statistical model for the % increase in Tresca stress. 

Term Coefficient SE Coefficient T-Value p-Value VIF 
Constant Blocks 149.56 5.87 25.49 0.000  
1 -3.06 4.07 -0.75 0.455 6.42 
z 28.14 2.15 13.08 0.000 2.09 
x -21.98 1.64 -13.44 0.000 1.19 
y 35.54 1.56 22.74 0.000 1.09 
P 111.89 2.46 45.50 0.000 2.63 
z*z -20.85 3.23 -6.46 0.000 1.05 
x*x 9.75 3.04 3.20 0.002 1.05 
y*y 0.23 3.03 0.07 0.941 1.04 
P*P -1.40 3.35 -0.42 0.677 1.47 
z*x -2.91 1.80 -1.62 0.111 1.05 
z*y 17.57 1.79 9.82 0.000 1.04 
z*P 9.14 2.79 3.27 0.002 2.46 
x*y -13.01 1.80 -7.22 0.000 1.04 
x*P -9.67 1.98 -4.89 0.000 1.21 
y*P 16.06 1.82 8.81 0.000 1.03 

 
     The influence of the independent variables was studied considering the T-value; a T-value greater than about 2 was 
considered for a significant effect. For the linear effect, the internal hydrostatic pressure, P (T-value of 45.50), exhibited the 
maximum influence on the % increase in Tresca stress, followed by geometrical variable y (T-value of 22.74), z (T-value of 
13.08), and x (T-value of -13.44). A negative T-value for the geometrical variable x was observed. Therefore, an increasing x 
will decrease the % increase in Tresca stress. The constant (T-value of 25.49) was also extremely significant, confirming a 
robust baseline effect for the statistical model. A pronounced non-linear effect was observed for the quadratic term z2 (T-value 
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of -6.46) and a moderate effect for x2 (T-value of 3.20). However, the non-linear effect for quadratic terms P2 (T-value of -
0.42) and y2 (T-value of 0.07) were insignificant. The statistical model also exhibited a strong interaction effect of independent 
variables. The interacting variables zy (T-value of 9.82), yP (T-value of 8.81), xy (T-value of -7.22), xP (T-value of -4.89), and 
zP (T-value of -3.27) exhibited a significant effect. Among these, the independent variables zy and yP showed a strong effect, 
which highlights the complex statistical relationship for the % increase in Tresca stress.  The overall results of T-values 
specified that the statistical model was driven by strong linear effects, key interactions, and notable curvature. The probability 
of observing a T-value (called the p-value) was calculated using equation 6. A p-value of less than 0.0500 indicated that the 
model terms were significant, except y2 (p-value of 0.94), P2 (p-value of 0.67), and zx (p-value of 0.11). A VIF of up to 1 
exhibited non- multicollinearity, and a value in the range of 1 to 5 showed moderate correlation in the acceptable range. 
However, a VIF of more than 10 indicated a high multicollinearity, which was not observed for any linear, quadratic, or 
interacting variables. Therefore, the VIF analysis showed that multicollinearity was generally low, indicating that most of the 
predictors were largely independent and the coefficient estimates were reliable. 
 
      The values of the coefficient of determination are presented in Table 7. The coefficient of determination (R2) of 99.00 % 
indicated that the statistical model explains about 99 % variability for the % increase in Tresca stress. Hence, it established a 
strong relationship between the independent variables considered (z, x, y, and P) and the response (% increase in Tresca 
stress). The adjusted coefficient of determination of 98.77 % was in agreement with the R² excludes the possibilities of 
redundant terms and overfitting. The standard error of regression (S = 11.2173). The standard error of regression (S = 11.2173) 
represents the average deviation between observed and predicted values and is within the acceptable range. A small difference 
between the predicted and the model’s coefficient of determination further supported the predictive ability. 
 
Table 7. Coefficient of determination for the % increase in Tresca stress. 

S R2 R2 (Adjusted) R2 (predicted) 
11.2173 99.00 % 98.77 % 98.38 % 

 
     The ANOVA is presented in Table 8. The degree of freedom was calculated using equation 8. The model’s sum of squares 
(812293) was close to total sum of squares (820472) had an error of 8179 envisages an excellent model fit. It was confirmed 
from the values of the total sum of squares that the linear independent variables contribute the most to the % increase in Tresca 
stress. The order of the contribution was P followed by y, x, and z. The interaction terms also had a significant contribution. 
However, the quadratic terms showed minimum contribution. The block effect was negligible with a value of 71 for the sum 
of squares. Therefore, the model was highly accurate and reliable. The mean squared (MS) was calculated using equation 9. 
An adjusted MS error of 126 also supports the strong nonlinear behaviour and pronounced interactions. The F-value provided 
an idea about whether a factor, interaction, or the overall model significantly explains variation in the % increase in Tresca 
stress. The linear effect was in the order of P (F-value of 2070.44)> y (F-value of 517.07)> x (F-value of 180.56)> z (F-value 
of 171.07). However, the two-way interaction effect was in the order of zy (F-value of 96.50)> yP (F-value of 77.69)> xy (F-
value of 52.10). The other interacting terms showed relatively minor effects. Furthermore, the quadratic terms showed the 
least effect on the % increase in Tresca stress.  
 
Table 8. ANOVA for statistical RSM model for % increase in Tresca stress. 

Source df Sum of squares, SS 
(adjusted) 

Mean Square, MS 
(adjusted) F-value p-value 

Model 15 812293 54153 430.37 0.000 
Blocks 1 71 71 0.57 0.455 
Linear 4 415783 103946 826.10 0.000 
z 1 21526 21526 171.07 0.000 
x 1 22719 22719 180.56 0.000 
y 1 65062 65062 517.07 0.000 
P 1 260519 260519 2070.44 0.000 
Square 4 6521 1630 12.96 0.000 
z*z 1 5247 5247 41.70 0.000 
x*x 1 1290 1290 10.25 0.002 
y*y 1 1 1 0.01 0.941 
P*P 1 22 22 0.17 0.677 
2-Way Interaction 6 34942 5824 46.28 0.000 
z*x 1 328 328 2.61 0.111 
z*y 1 12142 12142 96.50 0.000 
z*P 1 1349 1349 10.72 0.002 
x*y 1 6555 6555 52.10 0.000 
x*P 1 3010 3010 23.92 0.000 
y*P 1 9775 9775 77.69 0.000 
Error 65 8179 126   
Total 80 820472    

 
     The Pareto chart for standardized effect is shown in Fig. 12. A similar trend with slight variation in order of effectiveness 
of independent variables was observed for the % increase in Tresca stress as of von-Mises stress.  The significance of 
standardized effects was in the order of P > y > x > z > zy > yp > xy > z2 > xP > zP > x2. 
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Fig. 12. Pareto chart for standardized effect of the statistical model considering the % increase in Tresca stress as the response. 
 
     The residual diagnostics for the % increase in Tresca stress are presented Fig. 13. A normal distribution was observed due 
to the approximately linear nature of the dataset, as shown in Fig. 13 (a). It indicated that the underlying regression 
assumptions were largely satisfied, although minor deviations at the end points likely associated with a few extreme 
observations. The plot of residuals versus fitted (predicted) values was randomly scattered around zero, which also confirms 
the adequacy of the model in capturing the systematic variation, as shown in Fig. 13 (b). The histogram of residuals further 
supports this observation, displaying an approximately symmetric, bell-shaped distribution centered near zero, with only 
marginal skewness, as shown in Fig. 13 (c). Additionally, when the residuals plotted against the order of observations 
exhibited no periodic patterns, implying that the errors were independent, as shown in Fig. 13 (d). Therefore, it can be said 
that the statistical RSM modeling possess an acceptable diagnostic. 
 

. 
Fig. 13. Residual plot for % increase in Tresca stress. (a) probability plot, (b) versus fits plot, (c) histogram, and (d) versus 
order plot. 
 
The analytical equation developed using the statistical model for the % increase in von-Mises stress is shown as: 
 

% 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
= −116.5 + 0.132(𝑧𝑧) − 0.052(𝑥𝑥) − 1.2(𝑦𝑦) + 48.62(𝑃𝑃) − 0.0004639(𝑧𝑧)2 + 0.00334(𝑥𝑥)2
+ 0.63(𝑦𝑦)2 − 0.389(𝑃𝑃)2 − 0.000254(𝑧𝑧𝑧𝑧) + 0.1382(𝑧𝑧𝑧𝑧) + 0.02269(𝑧𝑧𝑧𝑧) − 0.4017(𝑥𝑥𝑥𝑥)
− 0.0942(𝑥𝑥𝑥𝑥) + 14.09(𝑦𝑦𝑦𝑦) 

(18) 

 
     The above analytical equation, developed using the statistical model, was verified using diagnostics performed for the 
coefficient of determination and ANOVA. Therefore, this equation was used to generate the contour plots for the % increase 
in Tresca stress for a safe pipeline operation, considering various design stresses.  
 
3.3.2. Contour Plots for % increase in Tresca stress 
 
    The contour plot demonstrates the response (% increase in Tresca stress) as a function of y and z at the minimum internal 
corrosion defect width of 26 mm and maximum internal hydrostatic pressure of 6 MPa as shown in Fig. 14. The hold values 
were important, due to the negative T-value of -13.44 for the internal corrosion defect’s width, a decrease in value of x, 
increases the response. On the other hand, internal hydrostatic pressure had a positive T-value of 45.50; an increase in P 
increases the response. Therefore, the specimen experiences the most critical situation in response to the current simulation 
conditions. The y-z plane exhibited the plastic regime only. The region below the contour line at 236.80 was safe considering 
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the flow stress of the material, and the region between the contour lines at 236.80 and 385.74 exhibited the regime where 
specimens overcome the stress required for continuous plastic deformation. This regime required immediate maintenance. 
There was a small region above the contour lines at 385.74 where Tresca stress was above the ultimate tensile stress of the 
material. This region is theroratically calculated, but this situation is not possible in a practical situation. It means the pipeline 
design based on the Tresca stress underestimated the materials compared to von-Mises stress to some extent.  
 

  
Fig. 14. Contour plot for the % increase in Tresca stress as 
a function of y and z at x of 26 mm and internal hydrostatic 
pressure of 6 MPa. 

Fig. 15. Contour plot for % increase in Tresca stress as a 
function of P and y at z of 454 mm and x of 26 mm. 
 

 
     The contour plot demonstrates the response as a function of depth of internal corrosion defect (y) and internal hydrostatic 
pressure (P) at the maximum length (454 mm) and a minimum width (26 mm) of internal corrosion defect, as shown in Fig. 
15. The P-y plane exhibited both the elastic and plastic regimes. When considering the pipeline design based on the endurance 
limit (fatigue limit), the maximum internal pressure the pipeline can sustain was obtained at 4.4 MPa if the depth of the internal 
corrosion defect was minimum. This internal hydrostatic pressure was reduced up to nearly 2.7 MPa if the depth of the internal 
corrosion defect was maximum (1.7 mm). The regimes above and below the flow stress of materials are shown. It was once 
again observed that a small regime, which was above the ultimate tensile stress was not possible in the practicle situation. The 
contour plot for the x-y plane at a hold value for z of 454 mm and P of 6 MPa is shown in Fig. 16. The x-y plane was under 
plastic deformation. The regime below the contour plot at 236.80 was safe considering the flow stress of the material. Any 
other regions above this value require immediate maintenance.  
 

  
Fig. 16. Contour plot for the % increase in Tresca stress as 
a function of y and x at z of 454 mm and internal hydrostatic 
pressure of 6 MPa. 

Fig. 17. Contour plot for the % increase in Tresca stress as 
a function of P and x at z of 454 mm and y of 1.7 mm. 
 

 
    The contour plot for plane P-x at hold value for z of 454 mm and y of 1.7 mm is shown in Fig. 17. The distinct elastic and 
plastic regime as segregated in the P-x plane. It is interesting to note that an increasing x increases the internal hydrostatic 
pressure for safe pipeline operation, considering the endurance limit. An internal corrosion defect’s width of nearly 130 mm 
provided a safe internal hydrostatic pressure of nearly 3.5 MPa. However, when the internal corrosion defect’s width 
decreases, the safe internal hydrostatic pressure also decreases. 
 

 
Fig. 18. Contour plot for % increase in Tresca stress as a function of P and z at x of 26 mm and y of 1.7 mm. 
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     The same trend was observed for the plastic regime. A very small regime was once again observed, which underestimated 
the material as compared to von-Mises stress-based design. The contour plot for plane P-z at hold value for x of 26 mm and y 
of 1.7 mm is shown in Fig. 18. The elastic and plastic regimes were segregated by contour line at 163.99. In the P-z plane, an 
increasing length of internal corrosion defect decreases the safe internal hydrostatic pressure in both elastic and plastic 
regimes. The regime above the contour line at 236.80 requires immediate maintainance.  
 

3.4 Discussion 
 

     For the current boundary conditions, the stresses present were hoop (σθ) and radial stress (σr). The axial (σaxial) and shear 
(τ) stresses were null.  Therefore, the von-Mises stress was:  
 

𝜎𝜎𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = �[(𝜎𝜎𝜃𝜃)2 + (𝜎𝜎𝑟𝑟)2 + (𝜎𝜎𝜃𝜃𝜎𝜎𝑟𝑟)]  (19) 
      
and Tresca stress was: 
 

𝜎𝜎𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = 𝑚𝑚𝑚𝑚𝑚𝑚. (|𝜎𝜎𝜃𝜃|, |𝜎𝜎𝑟𝑟|, |𝜎𝜎𝜃𝜃 − 𝜎𝜎𝑟𝑟|) (20) 
 

     For the cylindrical thick pipe subjected to internal hydrostatic pressure: 
 

𝜎𝜎𝜃𝜃 > 0  (21) 
𝜎𝜎𝑟𝑟 < 0  (22) 

 

     Therefore, the largest difference was the difference between hoop and radial stress. Hence, the Tresca stress was: 
 

𝜎𝜎𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = 𝜎𝜎𝜃𝜃 − 𝜎𝜎𝑟𝑟 (23) 
 

     Eqs. (19-23) depict the von-Mises and Tresca stresses. Both stresses can be used as the design criteria for the pipeline. The 
von-Mises stress was based on the distortion energy. It means, the yielding begins when the distortion energy has the same 
value as in a uniaxial tensile test. However, the Tresca stress yield criterion was based on the maximum shear stress theory. 
It means that the yielding initiates when the maximum shear stress in the material reaches the shear stress at yielding in a 
simple tension test. In the current work, the coefficient of determination (predicted) for von-Mises stress was 98.64, which is 
marginally higher than that for Tresca stress (a predicted coefficient of determination of 98.38). Furthermore, the model’s F-
value (of 516.2) for the von-Mises stress was also higher than that for Tresca stress (a F-value of 430). Hence, the statistical 
modeling for the von-Mises stress was more better fitted and accurate as compared to the Tresca stress. Although the values 
of von-Mises and Tresca stresses were close to each other, but their stress distribution profiles were dissimilar up to some 
extent (Figs. 3 and 4). It means that even if either of these two stresses reaches the value of design stress, the pipeline will fail 
at different positions. When the pipeline design is based on Tresca stress, it will somewhat underestimate the structural steel 
properties due to its higher values as compared to the von-Mises stress. Also, the contour plots showed a small regime where 
the Tresca stress reaches the ultimate tensile stress of the material. This situation was not observed for the von-Mises stress. 
The statistical RSM model for both stresses significantly predicted the combination of independent variables for the design 
stress. However, these models have certain limitations due to: 
 

    An acting axial stress and fluid friction can change the value of the design stress for the pipeline. 
    When a temperature gradient is present across the pipewall thickness, it can also alter the design stress for the pipeline. 
 

5. Conclusion 
 

     The developed analytical solutions predicted the von-Mises and Tresca stresses as functions of the independent variables, 
namely corrosion defect length (z), width (x), depth (y), and internal hydrostatic pressure (P). The proposed equations 
demonstrated high predictive accuracy, with coefficients of determination (R²) of 98.64% for von-Mises stress and 98.38% 
for Tresca stress. The significance of standardized effects for von-Mises stress was in the order of P > y > z > x > zy > yp > 
z2 > xy > xP > zP > x2. However, for the Tresca stress, the order was P > y > x > z > zy > yp > xy > z2 > xP > zP > x2. 
Considering the linear effect, the geometrical variable x (width of the internal corrosion defect) exhibited a negative T-value, 
indicating that an increase in x reduces the percentage increase in both von-Mises and Tresca stresses.  
 

     The contour plots for the percentage increase in von-Mises and Tresca stresses revealed both elastic and plastic regimes. 
The maximum percentage increase in von-Mises stress remained slightly below the ultimate tensile strength of the specimen. 
In contrast, the contour plots for Tresca stress indicated a limited region in which the stress exceeded the ultimate tensile 
strength. The von-Mises and Tresca stress distributions predicted nearly identical stress values; however, the overall patterns 
of stress distribution exhibited noticeable differences in their respective profiles inside and outside of the curvature of the 
internal corrosion defect. The steel pipe with an internal corrosion defect of minimum length (z = 30 mm), maximum width 
(x = 134 mm), and minimum depth (y = 0.5 mm) exhibited the lowest von-Mises and Tresca stresses. However, the maximum 
stresses were observed for a defect with maximum length (z = 454 mm), minimum width (x = 26 mm), and maximum depth 
(y = 1.5 mm). 
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