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In the present work, modeling of hoop stress in the defect-free structural steel pipe was done under the
combined effect of internal hydrostatic pressure and temperature difference using finite element
analysis (FEA) and response surface methodology (RSM). The FEA simulation was done on the
quarter-ellipsoidal sections of the structural steel pipe specimen using ANSYS 2022 R1 software. The
calculated hoop stress using FEA was in agreement with the analytical solution of hoop stress. The
thermodynamically induced hoop stress due to the temperature difference (without internal hydrostatic
pressure) exhibited a compressive state at the inner wall and a tensile state at the outer wall of the
specimen. This compression-tension state also provided a thermodynamic situation at which the total
hoop stress becomes null at the neutral axis. However, when the specimen was subjected to internal
hydrostatic pressure (in addition to the temperature difference), the initial neutral axis received a

thermomechanical hoop stress of a tensile nature. A drop in the burst pressure from 11.5 MPa to 9.9
MPa was observed when the steel pipe was subjected to a maximum temperature difference of 40 °C.
A new analytical equation for thermomechanical hoop stress was developed using RSM modeling by
considering independent variables as the normalized position in the wall (7), internal hydrostatic
pressure (P), and temperature difference (47). The developed analytical equation envisages that the
interacting effect of independent variables 7(47) was maximum, followed by the interacting effect of
7(P). An optimum internal hydrostatic pressure of 7.43 MPa was calculated considering the ultimate
tensile stress (> flow stress) of the material for all possible combinations of the other two independent
variables (7 and A47). Furthermore, at the optimum AT of 39.65 °C, the interacting effect of the 7(P)
provided contour-curvature plots, both below the yield strength and endurance limit, considering
different combinations of normalized position in the wall and internal hydrostatic pressure. However,
at the outer wall (=0.99), the contour plots provided the safe combination of P(47) considering both
the endurance limit and yield stress.

© 2026 Growing Science Ltd. All rights reserved.

1. Introduction

The steel pipe is an important engineering component used to transport crude oil (Poletskov et al., 2019; Siciliano et al.,
2008). These pipes operated at different pressures, depending on the type of transportation, ranging from local to long-
distance. The operating pressure of an oil pipeline depends upon the oil viscosity, desired flow rate, topography, and pipeline
length (Martinez-Palou et al., 2011; Newberry, 1984; Wang et al., 2019). These operating pressures can induce leaks and even
catastrophic failure (Abdulshaheed et al., 2017; van Zyl & Clayton, 2007). Furthermore, it can also cause pressure surges,
which lead to a state of vibration and fatigue (“Pipe Vibration Testing and Analysis,” 2014; Zachwieja, 2017). Sometimes,
over a period of operational time, these pressures also contribute to cavitation and the result in the loss of lubrication and oil
leakage. However, in addition to operating pressure, these pipelines also experience a temperature gradient across the pipewall
due to the difference in the fluid temperature and external ambient temperature (Hooker & Brigham, 1978; Yuan et al., 2018).
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These temperature gradient leads to uneven distribution of temperature and induces thermal stresses, which weaken the steel
and subsequently increases the risk of failure. The combination of internal fluid pressure and temperature gradient can reduce
the burst pressure and fatigue life (Cunha et al., 2014; Vishnuvardhan et al., 2023). The temperature gradient not only induces
the mechanical effect, but in addition to that, it affects the fluid dynamics, phase changes, and operational challenge. When
the external ambient temperature is at cooler side as compared to the fluid temperature, the pipeline transfers heat to the
external environment. It may be possible that this process reduces the oil temperature up to its wax appearance point and
hence, paraffin wax can separate, which leads to oil coagulation and makes the pipe difficult to restart (JIANG et al., 2014;
Kok et al., 2018).

The state of stress in defect-free steel pipeline, like radial, hoop, and von-Mises, also changes due to the combined effect
of internal hydrostatic pressure and temperature difference. Once these stresses reach the design stress, the materials either
fail or require immediate maintenance. Sun et al. analyzed the burst capacity model for defect-free pipelines; they reported
that the average shear stress yield criteria provided the best results, followed by Tresca and von-Mises yield criteria (Sun et
al., 2022). The primary factors influence the evaluation method of defect-free pipelines are material’s property, geometry,
types of design stress considered, and flow stress. Most of the researchers considered the corroded pipeline for simulation and
modeling of different stresses (Doroshenko et al., 2020; Heggab et al., 2023; Klever, 1992). However, the burst pressure and
corresponding hoop stress of a defect-free pipeline are still the basis of evaluating the failure pressure of a corroded pipeline.
Many models for predicting the failure pressure of perfect thin-walled pipelines are established (Abdalla et al., 2020;
Toudehdehghan & Hong, 2019). The conventional models like qualitative, physio-chemical models, and computational
models based on finite element analysis (FEA) and response surface methodology (RSM), have been widely used (Faiz et al.,
2017; Johnson et al., 2023). Most of the mechanistic models were based on strong theories that provided the constants of the
equation with physical significance. However, many other models that use these constants directly (Qin & Cheng, 2021;
Sandip Budhe et al., 2020). In recent times, the FEA and RSM models have been widely used for modeling a physical
phenomenon. The advantage of using an FEA model is that it excludes complex numerical integration(Martinez et al., 2013;
Sadowski, 2019) . However, on the other hand, Response Surface Methodology (RSM) is an important tool that considers the
relationship between several variables and one or more response outputs (Khuri & Mukhopadhyay, 2010; Lamidi et al., 2023).
It is an empirical model based on mathematical and statistical techniques that relate input variables to response (Bezerra et
al., 2008). The primary idea of RSM is to use the sequence of designed experiments for the optimum response. It is widely
used to maximize the response by optimizing the operational factors. Additionally, RSM finds applications in stress-strain
and thermal analysis (Nayak et al., 2023; Shokuhfar et al., 2008). The primary advantages of the RSM model over the FEA
model are lower computational time and its ability to efficiently consider multiple independent variables and their interactions;
which makes it ideal for preliminary design and sensitivity analysis. The RSM model is a statistical modeling technique;
however, the FEA is a physics-based simulation, which is computationally intensive, especially for complex engineering
problems. The hoop stress under the influence of internal hydrostatic pressure and temperature difference was considered for
modeling and design in the current work (Kashani & Young, 2008; Yaghi et al., 2006). The hypothesis of considering hoop
stress for modeling is supported because, unlike von-Mises stress, the hoop stress is a real, actual stress found in materials
under pressure, while von Mises stress is a calculated equivalent stress value used to predict material yielding and failure in
ductile materials, not a stress that is directly measured (Y.-Z. Wang et al., 2021; Zhu & Leis, 2006). Also, another stress,
which is radial, has numerical values much smaller than the hoop stress; therefore, it is the hoop stress that dominates
numerically over radial stress.

The analytical solution for the burst pressure of a defect-free steel pipeline considers the pressure (internal and external)
and material properties. However, this solution cannot work in a real time situation if the temperature gradients are also present
across the pipewall thickness. The change in hoop stress affects the material's performance. Therefore, it is felt that the study
of hoop stresses and its modeling to develop a new analytical solution is important for the design and maintenance of steel
pipeline. In the present work, the hoop stress was calculated using FEA simulation when the steel pipeline was subjected to
both internal hydrostatic pressure and temperature difference across the pipewall thickness. The validation of the FEA
calculations was done using a standard analytical solution. The hoop stress was further used to calculate the allowable
boundary conditions considering the endurance limit, elastic limit, flow stress for continuous plastic deformation, and
complete rupture situations. Furthermore, a new analytical solution for hoop stress considering pipe geometry, internal
hydrostatic pressure, and temperature difference was developed using RSM modeling.

2. Materials and Methods

The material under investigation was defect-free structural steel pipes. The dimensions of the structural steel pipe, along
with their mechanical and thermal properties, are presented in Table 1 and Table 2, respectively. The FEA simulation for
hoop stress was conducted on the quarter-ellipsoidal sections of the structural steel pipe using ANSYS 2022 R1 software. A
quarter-ellipsoidal model was used for pipe simulation to leverage symmetry and reduce computational time while capturing
the effect of pressure and temperature difference. The axis of the quarter-ellipsoidal model was the same as the flow axis of
the complete pipeline; hence, by simulating only a quarter-ellipsoidal section accurately envisages the hoop stress for a
complete pipe curvature.The specimens were subjected to internal hydrostatic pressures of 2.2, 4.5, 6 and 9.9 MPa, and the
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temperature differences between the inner and outer walls. The state of thermomechanical conditions is presented in Table 3.
A total of 24 different thermomechanical conditions were considered for FEA calculations. The cross-section of the pipe is
shown in Fig. 1. The quarter-ellipsoidal section, with coordinate orientations and respective mesh, is shown in Fig. 2. The
element size for the mesh was 5 mm, with 1566406 nodes and 930782 elements, respectively.

Table 1. Dimensions of structural steel pipe.

Material Internal radius External radius Length, mm Pipewall thickness,
(r1), mm (r2), mm mm
structural steel 351.20 360 1500 8.8
Table 2. Properties of structural steel.

Material Young’s | Poisson’s | Coefficient | Thermal Endurance Yield Flow Ultimate
modulus, | ration, v of thermal | conductivity, | limit, (MPa) | strength | stress tensile
E (MPa) expansion, | k& (W/mK) (MPa) (MPa) strength

a (°C-1) (MPa)
structural steel | 2.00E+05 | 0.3 1.20E-05 60.5 230 250 319 460

Table 3. Thermomechanical conditions for FEA simulation.

Thermomechanical | Internal hydrostatic | External pressure, | Inner-wall Outer-wall Temperature

condition pressure, p; (MPa) p, (MPa) temperature temperature difference, AT,
9] 49 O

1 5 5

2 10 10

3 15 15

4 2.2 0 20 0 20

5 30 30

6 40 40

7 5 5

8 10 10

9 15 15

10 4.5 0 20 0 20

11 30 30

12 40 40

13 5 5

14 10 10

15 15 15

16 6 0 20 0 20

17 30 30

18 40 40

19 5 5

20 10 10

21 15 15

22 9.9 0 20 0 20

23 30 30

24 40 40

<

S S

i

Fig. 1. Cross-section of pipe having internal radius »; and external radius 72; r is an arbitarary distance along the pipewall.
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Fig. 2. (a) Quarter-ellipsoidal section with coordinate orientation (b) Mesh generated for FEA simulation.

The modeling of hoop stress was done using response surface methodology (RSM). The independent variables considered
were normalized position in the wall, internal hydrostatic pressure, and temperature difference. In the RSM modeling, the
response (hoop stress) was transformed into coded values using a mathematical transformation. The modeling was done
considering interacting effect of independent variables along with independent contribution to the hoop stress. The diagnostics
of the developed RSM model were then studied to evaluate the accuracy.

3. Results and Discussion

The current section presents the study of hoop stress using FEA simulation, followed by its validation using analytical
solutions. The boundary conditions [r, P, AT] for safe operating conditions for the leak-before-break and break-before-leak
fracture model have been discussed. Furthermore, the modeling of hoop stress were done by considering independent variables
using RSM.

3.1 FEA simulation and validation

The FEA simulation was done for all thermomechanical conditions described in Table 3. The hoop stress was calculated
at an arbitrary radial distance () from the inner wall (#=351.2 mm) to the outer wall (*=360 mm) of the specimen. The
hydrostatic hoop stress, thermal hoop stress, and thermomechanical hoop stress, when the specimen was subjected to internal
hydrostatic pressure of 2.2 MPa, temperature difference of 5 °C, and a combination of both internal pressure of 2.2 MPa and
temperature difference of 5 °C, respectively, are shown in Figs. 3 (a)-(¢). It was observed that a hoop stress in the range of
88.92 MPa (at the inner wall) to 86.70 MPa (at the outer wall) of tensile nature was obseverd due to internal hodrostatic
pressure is shown in Fig. 3 (a). However, the nature of hoop stress was changed when the specimen was subjected to
temeperature difference. The hoop stress was of compressive (-8.65 MPa) nature at the inner wall and of tensile (+8.53 MPa)
nature at the outer wall is shown in Fig. 3 (b). It provided a compression-tension state. Therefore, the distance of neutral axis
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(at which the total hoop stress becames null) was needed to be considered. When the specimen was subjected to the

combination of both internal pressure and temperature difference, the hoop stress envisages entirely tensile nature throughout
the pipewall thickness is shown in Fig. 3 (c).

@

Mormal Stress 3
Type: Normal Stress(Y Axis) (Scoped to Elements)
Unit: MPa
Cylindrical Coordinate System(Static Structural)iwithout Ty
Time: 15

86,707 Min

0,00 45,00 90,00 (mm)
L~ SS— SSSS—
2250 67,50

(b)

Time: 1%
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Fig. 3. Hoop stress when the specimen subjected to (a) internal hydrostatic pressure of 2.2 MPa, (b) temperature difference
of 5 °C, and (c) combination of both internal pressure of 2.2 MPa and temperature difference of 5 °C.

The hoop stresses (6o (rea)) in the specimen was calculated using FEA simulations for a given boundary conditions [r, P,
AT). The og rea) were then validated using analytical solutions for hoop stress (6g anatytical)) considering, the similar boundary
conditions. The steel pipeline experiences static and thermal loads due to internal pressure and temperature variations, which
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cause tension and compression-tension states, respectively. The stresses in a section of pipe while considering it as an internal
system were:

Hoop stress (0p): circumferential stress in the pipeline.
Radial stress (o,-): stress perpendicular to the longitudinal axis of the pipeline.
Axial stress (a,): along the length of the pipeline.

The radial displacement (u,) of the thick pipe subjected to pressure and temperature difference is provided by Eq. (1) and Eq.
(2), respectively:

d?u, ldu, 1 (1)
-——=u,=0

dr2 " udr 12

d*u, 1ldu, u, 1+4+v dt )

dr? +; dr 712 _1—Uad1'

The general solution of the above differential equations provided the analytical solutions for radial (6, (analyticay) and hoop
(0@ (analytican)) Stress in a thick pipe in radial and circumferential direction (Sherbakov, Podgayskaya, et al., 2025):

pirE—porE  (P1-P)TETE 1 EaAT 1 k2 1 3
Or (analytical) = [ 1r;2—‘r1§ - 1r22fr121 : ‘r_z] + [2(1 —v) lnk{ Inp — 1-k2 (1 - p_z) lnk}] ®
hydrostatic thermal
_ Pt = pati (pl pz)r1 7”2 EaAT k? 1 (4)
09 (analytical) = r2 — 12 - 2(1 — U) lnk - lnp - 1— k2 1+ ? Ink
2 1
hydrostauc thermal
where,
p1 = internal hydrostatic pressure.
p, = external pressure.

r; = internal radius of thick cylindrical steel pipe.

r, = outer radius of thick cylindrical steel pipe.

r = an arbitrary distance in the radial direction.

E = Young’s modulus of the material.

a = Coefficient of thermal expansion.

AT = Temperature difference between inner and outer wall. In other word, AT = Tyt ¢ gistance of v, — Tat a distance of -
v = Poisson’s ratio of the material.

=L )
T
k=1 ©)

The boundary condition considered for the present work:

p,= internal pressure = 2.2, 4.5, 6, and 9.9 MPa.

p2 = external pressure= null.

AT = Temperature difference between inner and outer wall = 5, 10, 15, 20, 30, and 40 °C. The outer wall temperature was
considered to be 0 °C, while for inner wall was at higher temperatures.

o,= axial stress along the length of the pipe was considered as null.

As the external pressure (p,) was null, therefore, internal pressure p; was replaced with symbol P for all calculation here
onwards. The hydrostatic hoop stress was calculated using FEA and analytical solution (using equation-4) without any
temperature difference across pipewall, is presented in Fig. 4. The % error (Fig. 5) in hoop stress (using FEA) considering
the analytical solution as the theoretical value was calculated as:

|Uq> (analytical) — 9¢ (FEA)| M

% Error =
09 (analytical)

The hoop stress increased at the given radial distance with increasing internal hydrostatic pressure; it was highest at the
internal hydrostatic pressure of 9.9 MPa and lowest at the internal hydrostatic pressure of 2.2 MPa. However, for a given
internal hydrostatic pressure, the variation in hoop stress as a function of radial distance was very minimal. The FEA results
were compared with analytical solutions, and the maximum % error falls within 0.005 % indicating an accepted solution.
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Fig. 4. Hoop stress considering internal hydrostatic pressures (without any A7) of 2.2 MPa, 4.5 MPa, 6 MPa, and 9.9 MPa.
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Fig. 5. % Error for hoop stress considering internal hydrostatic pressures (without any A7) of 2.2 MPa, 4.5 MPa, 6 MPa, and
9.9 MPa.

The hydrostatic radial stress and its % error were calculated using FEA and analytical solution (using Eq. (3)) without any
temperature difference across the pipewall is presented in Fig. 6 and Fig. 7, respectively. The negative values of radial stress
indicated that it was of a compressive nature. This compressive radial stress decreases continuously with the radial distance
and becomes null at the outer wall of the pipe specimen. A higher internal hydrostatic pressure produces a higher compressive
strength at the inner wall. The FEA results were compared with analytical solutions, and the maximum % error falls within 3
% indicating an accepted solution.
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Fig. 6. Radial stress considering internal hydrostatic pressures (without any A7) of 2.2 MPa, 4.5 MPa, 6 MPa, and 9.9 MPa.
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Fig. 7. % Error for radial stress considering internal hydrostatic pressures (without any A7) of 2.2 MPa, 4.5 MPa, 6 MPa, and
9.9 MPa.

The thermal hoop stress was calculated using FEA and analytical solution (using Eq. (4)) at a temperature difference of 5
°C, 10 °C, 15 °C, 20 °C, 30 °C, and 40 °C across pipewall, without any internal hydrostatic pressure is presented in Fig. 8. It
was observed that the thermal hoop stresses were compressive at the inner wall and of tensile nature at the outer wall. When
the temperature difference was maximum (40 °C), both the compressive and tensile stresses were maximum.
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Fig. 8. Hoop stress considering temperature difference (without internal hydrostatic pressure) for AT=5 °C, 10 °C, 15 °C, 20
°C, 30 °C, and 40 °C.

The thermal radial stress was calculated using FEA and analytical solution (using Eq. (4)) at a temperature difference of 5
°C, 10 °C, 15 °C, 20 °C, 30 °C, and 40 °C across pipewall, without any internal hydrostatic pressure is presented in Fig. 9. It
was observed that the FEA solution were conservative for radial stress and it was significant only at the lower temperatures
of 5 °C and 10 °C. At the higher temperatures, these results can not be used. The present investigation considers hoop stress
for the design and modeling, and not the radial stress. Also, the values of the radial stresses were insignificant when compared
to the hoop stress.
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Fig. 9. Radial stress considering temperature difference (without internal hydrostatic pressure) for AT=5 °C, 10 °C, 15 °C, 20
°C, 30 °C, and 40 °C.
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The thermodynamic state for hoop stress envisages a compression-tension state in the pipeline. The heat flow opposite to
the direction of the temperature gradient is governed by Fourier’s law as (Narasimhan, 1999; Y. Wang & Wang, 2022):

g = — (3—:) ®)

Here,

q, is the heat flux in the radial direction.
k is the thermal conductivity.

dr . L e
o is the temperature gradient in the radial direction.

The relationship of hoop stress at the outer wall of the pipeline with heat flux is shown in Fig. 10 (a). The hoop stress was
tensile in nature. It was observed that when the heat flux was maximum, the hoop stress was also maximum. Furthermore, the
variation of hoop stress at the outer wall of the pipeline with internal hydrostatic pressure is shown in Fig. 10 (b). It also
exhibits a similar nature, with a maximum hoop stress observed at the maximum internal hydrostatic pressure of 9.9 MPa.

80.00 500
Y (a) . i} (b)
= = <
L ow 60.00 = 400 o
2F = o T
S23 TE _ 300
Egs %0 0 53¢ 0
vz BT s 200
< C (o) =] = (o]
© 3 o Z2 o
0.00 +¥———"—"+——r++ S0 o
0.00 100.00 200.00 300.00 0.00 5.00 10.00
Heat flux, g, (kW/m?) Internal hydrostatic pressure, P (MPa)

Fig. 10. Dependence of hoop stress at the outer wall of the pipeline on (a) heat flux (b) internal hydrostatic pressure.

In the current work, the inner wall of the specimen was at a higher temperature for all 24 thermomechanical conditions. It
provided a negative temperature gradient in the direction from the inner to the outer wall:

dr ©)
E <0

Hence, the heat flux becomes positive:

g = — (3—:) >0 (10)

In other words, heat flows from the inner to outer wall of the pipeline. This thermodynamic situation induced a compressive
(negative) hoop stress at the inner wall (due to heat loss) and a tensile (positive) hoop stress at the outer wall of the pipeline.
Hence, the specimen comes under the state of compression-tension. There was a radial distance (r) at which the compressive
hoop stress balances the tensile hoop stress; it means the combine effect of both neutralized each other. This radial distance
was the distance of neutral axis where the total hoop stress becomes zero. At a radial distance (r) of 0.355 m, the op (FEa) Was
0.28 (= 0) MPa and 6¢ (analyticay Wwas 0.53 (= 0) MPa. It was evident from Fig. 8 that this situation arised when the hoop stresses
(FEA and analytical) changes their nature nearly at a radial distance of 0.355 m. The variation of hoop stress (calculated using
FEA and analytical solution) with radial distance for the combined effect (P+4T) of internal hydrostatic pressure and
temperature difference was studied. The thermomechanical hoop stress at all temperature differences (47=5 °C, 10 °C, 15 °C,
20 °C, 30 °C, and 40 °C) and internal hydrostatic pressure of 2.2 MPa, 4.5 MPa, 6 MPa, and 9.9 MPa are shown in Figs. (11-
14), respectively. The validation of 6¢ (rea) Was done using Gg (anatytical)- It was observed that the op rea) Was in good agreement
Wwith 6o anatytical). The initial neutral axis, which was existed due to the temperature difference without considering the internal
hydrostatic pressure (as shown previously in Fig. 8), received a hoop stress of tensile nature with the addition of internal
pressure. The value of this stress was 88.07 MPa (Fig. 11), 179.85 MPa (Fig. 12), 239. 71 MPa (Fig. 13), 395.52 MPa (Fig.
14) at the thermomechanical conditions of [ = 0.355, P=2.2 MPa, AT =5 °C to 40 °C], [r=0.355, P=4 MPa, AT=5 °C to
40 °C], [r = 0.355, P = 6 MPa, AT =5 °C to 40 °C], [r = 0.355, P = 9.9 MPa, AT = 5 °C to 40 °C], respectively. These
enhancements of hoop stress at the initial neutral axis envisage the transformation from thermodynamic to thermomechanical
conditions.
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Fig. 11. Hoop stress for combined effect (P+47) of hydrostatic pressure (P=2.2 MPa) and temperature difference (47=5 °C,
10 °C, 15 °C, 20 °C, 30 °C, and 40 °C).
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Fig. 12. Hoop stress for combined effect (P+47) of hydrostatic pressure (P=4.5 MPa) and temperature difference (47=5 °C,
10 °C, 15 °C, 20 °C, 30 °C, and 40 °C).
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Fig. 13. Hoop stress for combined effect (P+47) of hydrostatic pressure (P=6 MPa) and temperature difference (47=5 °C, 10

°C, 15 °C, 20 °C, 30 °C,

and 40 °C).
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Fig. 14. Hoop stress for combined effect (P+47) of hydrostatic pressure (P=9.9 MPa) and temperature difference (47=5 °C,
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10 °C, 15 °C, 20 °C, 30 °C, and 40 °C).

The % error for hoop stress considring combined effect (P+47) of internal pressure and temperature difference is shown
in Fig. 15. The % error was calculated for all 24 thermomechanical conditions (Figs. 11-14), that is, 4 different hydrostatic
pressures (2.2, 4.5, 6, 9.9 MPa) and 6 different temperature differences (5, 10, 15, 20, 30, 40 °C). The maximum % error was
well below 2.03 % for all thermomechanical conditions. Therefore, FEA calculations for all 24 thermomechanical conditions
envisage an accepted solution. These validated FEA calculation for hoop stress was used for calculating the allowable hoop
stress for a safe thermomechanical condition. Also, the FEA results were further used for modeling, considering independent

variables.
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Fig. 15. % Error for hoop stress for thermomechanical (P+47) state.

0.361

0.361



S. Sherbakov et al. / Engineering Solid Mechanics 14 (2026) 93

3.2 Safe operating thermomechanical condition

The consideration of failure of an engineering component depends upon the type of design stress considered (Sahu et al.,
2025). For a break-before-leak model, the stresses considered were the lower fatigue limit (endurance limit), yield stress, and
flow stress (Sergei Sherbakov et al., 2025; Sherbakov, Kumar, et al., 2025). However, for the leak-before-break model
(complete failure or rupture) the ultimate tensile strength was considered . All the safe operating conditions were studied using
validated cg (FEA).

The hoop stress was the function of radial distance, internal hydrostatic pressure, and temperature difference:
op = f[r,P,AT] an

The endurance limit (Se) of the material was 230 MPa. The thermomechanical hoop stress at P of 2.2 MPa and 4T of 40
°C, Pof4.5 MPa and AT of 30 °C, and P of 4.5 MPa and AT of 40 °C is shown in Fig. 16 (a), Fig. (b), and Fig. (c), respectively.
At the internal hydrostatic pressure of 2.2 MPa, the maximum hoop stress was less than the endurance limit for all temperature
differences. The hoop stress was below the endurance limit at the internal hydrostatic pressure of 2.2 MPa and maximum
temperature difference of 40 °C (Fig. 16 (a)). When the pressure was increased up to 4.5 MPa, the maximum hoop stress (cg
(max.)) Was 228.55 MPa (<Se) at a AT of 30 °C as shown in Fig. 16 (b). However, when the AT was further increased (up to 40
°C), the hoop stress reached to 245.61 MPa (>Se) and overcomes the endurance limit as shown in Fig. 16 (c). When the
pressure was further increased (6 MPa and 9.9 MPa) the specimen fails for all the AT. Therefore, the safe operating boundary
conditions considering the endurance limit were

= f [{Tinner t0 Touter ), (P = 0 MPa to 4.5 MPa},{AT = 0°C to 30°C}] < S, (12)

O-mallowable (consideing endurance limit)

(a)

49741

34
19,679 Min

129,95 Min

21
112,64 Min

60,00 (mm)

Fig. 16. Hoop stress at the thermomechanical conditions of (a) internal hydrostatic pressure of 2.2 MPa and temperature
difference of 40 °C , (b) internal hydrostatic pressure of 4.5 MPa and temperature difference of 30 °C , and (c) internal
hydrostatic pressure of 4.5 MPa and temperature difference of 40 °C.
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The yield strength (o) of the material was 250 MPa. The maximum hoop stress was below the yield strength at all
temperatures for the internal pressures of 2.2 and 4.5 MPa. When the pressure was increased up to 6 MPa. The yield stress
was achieved at a radial distance (7=0.3561 m) lower than the external radius of the specimen:

9 = f [{Tinner to 0.3561m},{P = 0 MPa to 6 MPa},{AT = 0°C to 40°C}] < 0, (13)

The above boundary conditions cannot work in the real-time situation, because at a radial distance greater than 0.3561 m,
the pipeline failed. Therefore, the hypothesis of considering yield strength as maximum allowable stress can only be studied
by considering the total wall thickness. The thermomechanical hoop stress at the internal hydrostatic pressure of 6 MPa and
AT of 5 °C is shown in Fig. 17. Therefore, the boundary conditions for safe operation were observed for:

= f [{Tinner t0 TouterJ {P = 0 MPa to 6 MPa},{AT = 0°Cto5°C}] < gy (14)

O—@|allowable (consideing yield strenth)

233,83 Min

i

Fig. 17. Hoop stress at the internal hydrostatic pressure of 6 MPa and temperature difference of 5 °C.

The flow stress (G/0w) Of the material was 319 MPa. It was observed that at all temperature differences, the 6¢ (max.) was below
the flow stress of the material for pressures of 2.2, 4.5, and 6 MPa. The thermomechanical hoop stress (<o) at the internal
hydrostatic pressure of 6 MPa and maximum A7 of 40 °C is shown in Fig. 18 (a). Hence, for these internal pressures, the
instantaneous stress required to continue the plastic deformation was not achieved. It means the design was safe considering
plastic deformation. However, when the internal pressure was raised to 9.9 MPa, the specimens overcame the flow stress for
all temperatures. The thermomechanical hoop stress (>0y.w) at the internal hydrostatic pressure of 9.9 MPa and lowest AT of
5 °C is shown in Fig. 18 (b). Therefore, considering all pressures and temperature differences, the allowable stress was:

= f [{Finner t0 Touter, {P = 0 MPa to 6 MPa},{AT = 0°C to 40 °C}] (15)

O-mallowable (consideing flow stress)

< af low stress

(@

18787
173,27 Min

250 6750

Fig. 18. Hoop stress at the thermomechanical conditions of (a) internal hydrostatic pressure of 6 MPa and temperature
difference of 40 °C , (b) internal hydrostatic pressure of 9.9 MPa and temperature difference of 5 °C.



S. Sherbakov et al. / Engineering Solid Mechanics 14 (2026) 95

The ultimate tensile strength (cyrs) of the material was 460 MPa. It was observed that the specimen was safe for all
pressures (2.2, 4.5, 6, 9.9) and temperature differences except 40 °C. The thermomechanical hoop stress (<cyrs) at the internal
hydrostatic pressure of 9.9 MPa and a AT of 30 °C is shown in Fig. 19 (a). Therefore, the allowable stress was:

O—@|allowable (consideing ultimate tensile stress) (l 6)

= [ {linner t0 Touter h {P = 0 MPa to 9.9 MPa},{AT = 0°C to 30 °C}] < oyrs

The thermomechanical hoop stress at the maximum internal hydrostatic pressure of 9.9 MPa and maximum temperature
difference of 40 °C is shown in Fig. 19 (b). However, at a boundary condition of [r = 7,te, P = 9.9 MPa, AT = 40 °C] the
hoop stress was 458.44 MPa (=cyrs). This boundary condition was considered for burst pressure of the specimen under
influence of both internal hydrostatic pressure and temperature difference. In the previous work, Sherbakov et al. reported a
burst pressure of 11.5 MPa without any temperature difference across pipewall (Sherbakov, Podgayskaya, et al., 2025).
Therefore a drop in burst pressure from 11.5 MPa to 9.9 MPa was observed when the steel pipe was subjected to a temperature
difference of 40 °C.

(a) ET+P

Normal Stress 3
Type: Normal Stress(Y Axis) (Scoped to Elements)
Unit: MPa
Cylindrical Coord
Time: 15

441,37 Max

348,21 Min

0.00 45,00 90,00 (mm)
1

22,50 67,50

(b) 2 T4P

Normal Stress 3
Type: Normal Stress(Y Axis) (Scoped to Elements)
Unit: MPa

Cylindrical Coordinate SystemiStatic Structural)itemp 40)
Time: 15

458,44 Max
444,27

330,9 Min

0.00 30,00 60,00 (mm)
]

15,00 45,00

Fig. 19. Hoop stress at the thermomechanical conditions of (a) internal hydrostatic pressure of 9.9 MPa and temperature
difference of 30 °C, (b) internal hydrostatic pressure of 9.9 MPa and temperature difference of 40 °C.

3.3 Modeling of hoop stress

The modelling was done at a normalized position in the wall (7), for internal hydrostatic pressure (P) and temperature
difference (47) as the independent variables, and corresponding hoop stress as the response is shown in Table 4. The
normalized position in the pipewall is a dimensionless measure of position within the thickness, from the inner surface (7=0)
to the outer surface (7=1). It generalized the thermomechanical data like temperature difference, and internal pressure, across
different pipe dimensions. The normalized position in the wall is defined as:

r'=( TTinner ) (17

Touter ~Tinner

The geometrical condition and thermomechanical state used for modeling was 3 different normalized positions in the wall
(7=0, 0.5, and 1), 4 different internal hydrostatic pressures (P=2.2, 4.5, 6, and 9.9 MPa), and 6 different temperature differences
(4T=5 °C, 10 °C, 15 °C, 20 °C, 30 °C, and 40 °C). Therefore, a total 72 (=3x4x6) conditions were considered.
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Table 4. Thermo-mechanical conditions for modeling.

Factor 1: A, Factor 2: B Factor 3: C,
Run number Normalized position in the - Temperature difference, 47 Hoop stress, (MPa)
_ Internal pressure, P (MPa) o
wall, 7 (°C)

1 0.00 22 5 80.28
2 0.50 22 5 87.82
3 1.00 22 5 95.22
4 0.00 22 10 71.65
5 0.50 22 10 87.85
6 1.00 22 10 103.73
7 0.00 22 15 63.13
8 0.50 22 15 87.99
9 1.00 22 15 112.23
10 0.00 22 20 54.54
11 0.50 22 20 88.05
12 1.00 22 20 120.73
13 0.00 22 30 37.36
14 0.50 22 30 88.19
15 1.00 22 30 137.74
16 0.00 22 40 20.18
17 0.50 22 40 88.32
18 1.00 22 40 154.75
19 0.00 4.5 5 173.24
20 0.50 4.5 5 179.61
21 1.00 4.5 5 185.88
22 0.00 4.5 10 164.60
23 0.50 4.5 10 179.63
24 1.00 4.5 10 194.39
25 0.00 4.5 15 156.08
26 0.50 4.5 15 179.76
27 1.00 4.5 15 202.89
28 0.00 4.5 20 147.49
29 0.50 4.5 20 179.83
30 1.00 4.5 20 211.39
31 0.00 4.5 30 130.30
32 0.50 4.5 30 179.96
33 1.00 4.5 30 228.40
34 0.00 4.5 40 113.12
35 0.50 4.5 40 180.10
36 1.00 4.5 40 245.41
37 0.00 6 5 233.86
38 0.50 6 5 239.47
39 1.00 6 5 245.00
40 0.00 6 10 225.22
41 0.50 6 10 239.51
42 1.00 6 10 252.93
43 0.00 6 15 216.69
44 0.50 6 15 239.62
45 1.00 [ 15 262.02
46 0.00 6 20 208.10
47 0.50 6 20 239.68
48 1.00 6 20 270.52
49 0.00 6 30 190.92
50 0.50 6 30 239.82
51 1.00 6 30 287.53
52 0.00 6 40 173.74
53 0.50 6 40 239.95
54 1.00 6 40 304.54
55 0.00 9.9 5 391.47
56 0.50 9.9 5 395.11
57 1.00 9.9 5 398.74
58 0.00 9.9 10 382.88
59 0.50 9.9 10 395.17
60 1.00 9.9 10 407.24
61 0.00 9.9 15 374.29
62 0.50 9.9 15 395.24
63 1.00 9.9 15 415.74
64 0.00 9.9 20 365.70
65 0.50 9.9 20 395.31
66 1.00 9.9 20 424.25
67 0.00 9.9 30 348.52
68 0.50 9.9 30 395.44
69 1.00 9.9 30 441.26
70 0.00 9.9 40 331.34
71 0.50 9.9 40 395.57

72 1.00 9.9 40 458.44
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The RSM envisages a functional relationship between a response and a set of input-independent variables defined as:

y = f{xy, x5, X3...... X} + £ (18)

Here, y represents the response, which was hoop stress. The term x represents an independent variable and n represents the
total number of it; £ represents the error in the approximation; it is a statistical error with a normal distribution with zero mean
and variance. The response (hoop stress) was transformed using the mathematical function shown as:

ytransformed — \/m (19)

Here, ¢ is the constant which was considered null for the present RSM modeling. The transformation of the response is
typically performed to stabilize the variance and improve the normality of the residuals. However, the value of natural
independent variables (7, P, and A4T) was assigned a range [-1,1] for its lowest and highest value, as shown in Table 5.

Table 5. Coded high and low values for independent variables.

Factor Name Type, sub-type Minimum Maximum Coded Low Coded High Mean Std. Dev.

A Normalized Numeric, 0 1 10 +1l e 1 0.50 0.41
position in the wall,  continuous
E

B Internal pressure, P Numeric, 2.2 9.9 122 +1 99 5.65 2.82
(MPa) continuous

C Temperature Numeric, 5 40 -leS +1 < 40 20.00 11.99

difference, 47 (°C)  continuous

A quadratic model was used for RSM analysis, which captures the interaction effects along with slope and curvature. The
quadratic model is defined as:

3 3 2 3
Yy =T +Z77iXi +zniiXi2 +ZijXin
-1 i=1

i=1i<j

(20)

where,

1o is the constant represents the error/intercept.

7; is the linear coefficient represents the slope.

n;; 1s the quadratic coefficient represents the curvature.

n;; is the interaction coefficient.

X; and X; represents the coded values of the independent variables.

The analysis of variance (ANOVA) for the quadratic model and their fit statistics are presented in Table 6 and Table 7,
respectively. The Model F-value of 1502.54 indicates that the model was significant. There was only a 0.01% chance that an
F-value this large could occur due to noise. The P-values less than 0.05 also support the significance of the model terms. In
this case, 7, P, i(P), r(4T), and P? were significant model terms. The predicted goodness of fit (R?) of 0.995 was in reasonable
agreement with the adjusted R? of 0.994; i.e., the difference was less than 0.2. The adequate precision measures the signal-to-
noise ratio. A ratio greater than 4 was desirable. The ratio of 144.629 indicated an adequate signal. Therefore, this model can
be used to navigate the design space. The variable that had the most significant effect (envisaged by the highest F-value of
11844.85) on hoop stress was internal hydrostatic pressure. However, for the interacting effect of independent variables, 7:(47)
showed the highest (F-value of 346.14) effect, followed by 7(P) (F-value of 82.12).

Table 6. ANOVA for the quadratic model.

Source Sum of squares df Mean Square F-value p-value
Model 1173.08 9 130.34 1502.54 = 0.0001
(significant)

A- Normalized position in the wall, 7 78.03 1 78.03 899.49 < 0.0001
B- Internal pressure, P 1027.52 1 1027.52 11844.85 <0.0001
C- Temperature difference, AT 0.3038 1 0.3038 3.50 0.0660
AB=7(P) 7.12 1 7.12 82.12 <0.0001
AC = H4T) 30.03 1 30.03 346.14 <0.0001
BC =PAT 0.2537 1 0.2537 2.92 0.0923
A2 =72 0.2263 1 0.2263 2.61 0.1114
B2=P? 16.69 1 16.69 192.44 <0.0001
C2=4T? 0.0317 1 0.0317 0.3659 0.5475
Residual 5.38 62 0.0867
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Table 7. Fit statistics of the quadratic model.
R’ Adjusted R’ Predicted R’ Adequate precision Standard deviation =~ Mean
0.995 0.994 0.992 144.62 0.294 14.46

The equation for the RSM model in expanded form is shown below. This model considered intercept, slope, curvature, and
interaction of independent variables in the design space. The hoop stress using RSM model (0g(rsm)):

“Tinner “Tlinner 2 21
Ogrsm) = 7o + [771 (;) + 12 Pipner + 773AT] + [7]11 (L) + 122 (Pinner)? + 7733(AT)2] + @

Touter—Tinner Touter —Tinner

[7712 (m) Pinner + 113 (m) AT + 7]23(Pinner)AT]

Touter —Tinner Touter —Tinner

Here,

o, N1, N2, M3, N11, N22, N33, N12, N13, and 123 are curve fitting constants, their values are different for real and coded value of the
independent variables. The values of these coefficients are presented in Table 8.

r = an arbitrary distance in the radial direction at which the hoop stress can be calculated.

Tinner = internal radius.

Touter = Outer radius.

Pinner = internal hydrostatic pressure.

AT = temperature difference between the inner and outer wall of the thick cylindrical steel pipe.

The coefficients of the above equation for actual and coded response are presented in Table 8. The hoop stress was
predicted using Eq. (21). The predicted hoop stress (RSM model) and the actual hoop stress obtained using FEA are shown
in Fig. 20(a). The data points fall on a straight line, which suggests that the predicted and actual results were in good
agreement. The plot of externally studentized residuals with predicted hoop stress using the RSM model is shown in Fig. 20
(b). This plot provided the diagnostic tool that assesses the RSM model performance, considering patterns in the error. It was
observed that the externally studentized residuals were randomly scattered around zero. The values lie within the extremes of
+3.573 to -3.573 and showed no discernible pattern, which indicates the consistent error and validates the proposed RSM
model’s assumptions. The randomly distributed points near the horizontal line at zero also indicated that the RSM model
successfully fitted the dataset, and the residuals were random and unbiased. The plot of normal % probability with externally
studentized residuals is shown in Fig. 20 (c). It was a scattered plot that envisages that the residuals of the RSM model were
normally distributed. The linear relation of the plot confirms the validity of the normality assumption of the RSM model.

The interacting effect of “normalized position in the wall and temperature difference”, “normalized position in the wall
and internal hydrostatic pressure”, and “internal hydrostatic pressure and temperature difference” is shown in Figs. 21, 22,
and 23, respectively. The interacting effect envisages by contour plots. The contour plot of 7(47) was considered at P of 7.43
MPa (Fig. 21). However, the contour plot of #(P) and P(AT) was considered at AT of 39.65 °C (Fig. 22) and 7 of 0.99 (Fig.
23), respectively. At an internal hydrostatic pressure of 7.43 MPa, the hoop stress exceeded well above the flow stress (319
MPa) of the structural steel pipe. The specimen did not encounter a complete failure, but maintenance is required. In the the
RSM modeling, we observed that the independent variable P provided the highest F-value; therefore, at a higher pressure of
7.43 MPa, the specimen overcomes the flow stress for any combination of the other two independent variables (7 and A7) as
shown in Fig. 21. However, when the temperature difference was optimum, that is, 39.65 °C, the interacting effect of the /(P)
provided a contour of hoop stress. The curvatures below 250 MPa provided a safe design considering the yield strength and
the curvature below 229.93 MPa provided a safe design considering the endurance limit (Fig. 22). When the normalized
position in the wall was optimum that is, the position of outer wall (7=0.99); the contour plots provided the safe combination
of P(A4T) considering both the endurance limit and yield stress (Fig. 23).

Table 8. Coefficients for the RSM model.

Coefficient Values for actual equation Values for coded equation
Mo +4.20048 +15.67
i +1.77977 +1.32
1, +2.33927 +5.34
M3 -0.074887 -0.0965
N11 -0.475705 -0.1189
N2 -0.070661 -1.05
N33 -0.000174 -0.0534
N12 -0.274946 -0.5293
M13 +0.132901 +1.16

123 +0.001780 +0.1199




S. Sherbakov et al. / Engineering Solid Mechanics 14 (2026)

Raspomie: Hoop stress

(a)

Color poarts By vilve

Moop streas
[Ty . Hry

Predicted hoop stress using RSM, (MPa)
¥

T T T T T

Actual hoop stress using FEA, (MPa)

Responie: Sqri{Hoop strew)
Coor ponts by valve

Hoop st
ot (D 0

(©

Normal % probabiliry

Responie: Sqrt[Hoop strew)
Coir poants by vk

Resduals vs. Predicted

®)

400

Externally studentized residhuals
e
B
I
oI
-

RLE

40 - -

T T T T
1] " " = o

Predicted hoop stress using RSM, (MPa)

Normal Plot of Residuals

T T T T T T T
A% 4% -0 B o e ax

Externally studentized residuals

Fig. 20. Diagnostics of the model showing (a) Predicted and actual hoop stress, (b) Residual versus predicted results, (c)

Normal % probability of residuals.

Factor Coding: Actual Hoop stress (MPa)

B=7.436

Temperature difference, AT (°C)

Normalized position in the wall, 7

Fig. 21. Interacting effect of normalized position in the
wall and temperature difference.

Factor Coding: Actual
Response: Hoop stress (MPa)
2010 ([ 45626

Actual Factor:

A=099

Temperature difference, AT (°C)

Factor Coding: Actual
Response: Hoop stress (MPa)
2018 [ 4226
Actual Factor:
C=3965

Hoop stress (MPa)

Internal hydrostatic pressure, P (MPa)

Normalized position in the wall. 7

Fig. 22. Interacting effect of normalized position in the wall
and internal hydrostatic pressure.

Hoop stress (MPa)

s ss s

Internal hydrostatic pressure, P (MPa)

Fig. 23. Interacting effect of internal hydrostatic pressure and temperature difference.

99



100

5. Conclusion
The principal premises of the current work yield significant results, which are concluded as follows:

The calculated 6g (rea) Was in good agreement with 6¢ (analyiicay- The initial neutral axis having null hoop stress which existed
due to the temperature gradient, subjected to a hoop stress of the tensile nature with the addition of internal hydrostatic
pressure. The value of this stress was 88.07, 179.85, 239. 71, and 395.52 MPa at P of 2.2, 4.5, 6, and 9.9 MPa, respectively,
at all temperature differences.

The , and

a@|allowable (consideing endurance limit) ’ O-Q)lallowable (consideing yield strenth) ’ O-mallowable (consideing flow stress)

T o ) . was calculated. A drop in the burst pressure from 11.5 MPa to 9.9 MPa was observed
allowable (consideing ultimate tensile stress)

when the steel pipe was subjected to a maximum temperature difference of 40 °C.

A new analytical equation for hoop stress (0grsm)) Was developed considering independent variables as the normalized
position in the wall (7), internal hydrostatic pressure (P) and temperature difference (47). The variable that had the most
significant effect on hoop stress was internal hydrostatic pressure. However, for the interacting effect of independent variables,
7(4T) showed the highest effect on hoop stress, followed by 7(P). An optimum internal hydrostatic pressure of 7.43 MPa was
calculated considering the ultimate tensile stress of the material for all possible combinations of the other two independent
variables (7 and AT). Furthermore, at the optimum A7 of 39.65 °C, the interacting effect of the j(P) provided contour-curvature
plots, both below the yield strength (250 MPa) and endurance limit (230 MPa), considering different combinations of
normalized position in the wall and internal hydrostatic pressure. When the normalized position in the wall was optimum
(7=0.99); the contour plots provided the safe combination of P(4T) considering both the endurance limit and yield stress.
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