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1. Introduction

Beams, columns and plates are important structural elements for carrying loads developed within the structures. They may
be supported by a variety of conditions such as simply supported, clamped, free, sliding etc. These structures may be supported
from the ends as well as there may be some intermediate supports. Normally, the support conditions are idealized such that
for a simply supported condition, the deflection and the moment are zero. In reality this may not be the case always. There
may be small gaps, loose pins that allow small deflections. There may also be some sort of friction in the hinged joints
producing a small moment. For a built-in support, again there may be some looseness at the support allowing for small
deflections and the slope may deviate from zero for that condition. These imperfections in the support conditions are named
as non-ideal conditions.

Perturbation theory was employed to formulate non-idealities in the pioneering works of Pakdemirli & Boyac1 (2001, 2002,
2003, 2003a). Pakdemirli & Boyaci (2001) considered the free vibrations of a nonlinear beam with stretching effects.
Pakdemirli & Boyaci (2002) considered vibrations of axially moving string problem as well as a beam problem to investigate
the effects of non-ideality in support conditions. Pakdemirli & Boyaci (2003) treated the intermediate support condition for a
nonlinear beam model. The externally excited linear beam model supported from the middle was also investigated (Pakdemirli
& Boyaci, 2003a). In those pioneering work, it is shown that imperfections in the support conditions may change the natural
frequencies, the amplitudes and the frequency response curves. The stretched damped beam vibrations were studied by Boyaci
(2006). By employing an iteration-perturbation method, Eigoli & Ahmadian (2011) showed that the frequency-response
curves were altered by the imperfections. The clamped conditions case was investigated for Euler Bernoulli and Timoshenko
beams by Lee (2013). The non-ideal boundary condition formulation was applied to micro beam problems also. Sar1 &
Pakdemirli (2013) treated a slightly curved micro-beam on an elastic foundation. Zhang et al. (2013) also considered the
vibration of microbeams with flexible supports. Atcit and Bagdatli (2017) studied the vibrations of fluid conveying micro-
beams.
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For vibrations of composite beams with non-ideal boundary conditions, see Ghadiri & Hosseini (2014) and Ghadiri et al.
(2015). For multi-supported axially moving strings of non-ideal supports, see Yurddas et al. (2013). By employing Laplace
and Fourier transforms, the dynamic responses of poro-elastic beams were treated by Fallahzadeh & Shariyat (2015). Bagdatlh
and Uslu (2015) considered an integro-differential model of beam vibrations in search of the effects of non-idealities. Pade
approximations were used for non-ideal clamped supports of beams (Heryodono & Lee, 2019).

Vibrations of plates were also investigated with a similar approach. Aydogdu & Ece (2006) considered the static buckling
and dynamic vibrational problem of rectangular plates with one-side non-ideally supported. The critical buckling load and
natural frequencies may alter with imperfections. In another rectangular plate problem considered by Mohammadi & Gheisary
(2009), an analytical solution was presented using the Lindstedt Poincare technique. Najafizadeh et al. (2012) treated
vibrations of functionally graded plates with imperfections in the conditions by Levy and Lindstedt-Poincare method. They
found that frequency and mode shapes may be affected by the edge conditions. Khalili et al. (2013) studied the buckling for
plates supported by Pasternak foundation. They found that buckling load may increase or decrease for deviations from the
ideality.

The buckling of columns under imperfections is treated for the first time in this study. Both a linear and a non-linear model
are considered. Approximate analytical solutions are presented by employing the strained parameter method, a perturbation
technique. The criteria are derived for uniformly valid approximations. The effect of deviations from ideality on the critical
buckling loads and buckling shapes are analyzed using the solutions. The physical parameters that may result in increase or
decrease of critical buckling loads are the mode numbers, amplitudes of buckling and non-ideal deviation parameters.

2. Linear Buckling
The linear buckling of a column is given by the equation (Beer & Johnston, 1992)

@y P M

dx*2 ' EI

where EI is the flexural rigidity, P is the axial compressive load, x* is the coordinate along the column and y* = y*(x™) is
the lateral displacement at each point x*. In deriving Eq. (1), the moment at a point x* in the column is M = —Py™ and the
d2y*
dx*2
the spatial variables with the length L of the column

curvature is approximated by% = for small slopes. The dimensionless form of the equations were obtained by dividing

L @)

Inserting Eq. (2) into Eq. (1) yields the linear dimensionless buckling model

@y g 3)

dx? EI

The physical problem now depends on the single dimensionless buckling parameter defined by

P @
El
and the dimensionless equation reads

dZ
| 2y =0, )

For simply supported ideal end conditions y(0) = 0, y(1) = 0 at both ends. Other support conditions can be obtained by
defining an effective length instead of the original column length L. For a fixed-free support condition L, = 2L, for a fixed-
fixed support condition L, = L/2 and for a fixed-hinged condition L, = 0.699L = 0.7L (Beer & Johnston, 1992). One may
now assume that there are slight deviations from the ideal case and due to some imperfections at the joints, small displacements
are allowed with the conditions being

y(0) = ea, y(1) =¢b (6)

where ¢ is a perturbation parameter artificially introduced so that the end displacements are small when a, b~0(1),e < 1.
Although the linear problem (5) with the conditions (6) can be solved exactly, to retrieve the eigenvalue characteristics, a
perturbation type of solution will be presented. A perturbation expansion
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y(x) =y (x) + ey1(x) + 0(e?) (M
with the buckling parameter expanded to eliminate secularities
A2 =25 +ed + 0(e) (8)

is assumed. The method employed is the Strained Parameters Method (Nayfeh, 1981). Substituting Eq. (7) and Eq. (8) into
Eq. (5) and Eq. (6) and separating at each order of approximation yields

0(1): y5 + A5y0 = 0,y0(0) =0, y,(1) =0 )
0(e): y1' + /1(2)3’1 = =AY, »1(0) =a,y;(1)=b (10)

The first order solution is

Vo(x) = csinnmx, n=123,.. (11
Ao =nm (12)

where the amplitude of the mode shape remains arbitrary. The solution at the next level of approximation is

v1(x) = acosnmx + (b(—1)" — a)xcosnmx (13)
L =" b(D)" - a) (14)

Combining both solutions in Eq. (7) and Eq. (8), the final result is

y(x) = csinnmx + e(acosnmx + (b(—1)" — a)xcosnmx) (15)

2
A% = n’r? +s$(b(—1)”—a) (16)

For an admissible perturbation solution, the corrections should be a small fraction of the unperturbed terms. This requires
the conditions
e(b(-1)"-a)

&1, «1 )

a
c

to be satisfied. The second term in the solution (15) gives the distortion of the mode shapes from the ideal modes. From Eq.
(4) and Eq. (16), the critical buckling loads for each mode shapes are

PCT = %(nznz + gznTn(b(_l)n - a))ﬂ n= 1P213P e (18)

The first term is the famous Euler Formula for the critical loads (Beer & Johnston, 1992) and the second term represents
the deviation from the ideal case. The essential remarks follow

e Non-ideal critical load is dependent on maximum amplitude of the ideal mode shape. However, ideal critical load is
amplitude independent.
e For odd mode shapes

.. b . b
P, = %(nznz - sznTn b+ a)) and the critical load decreases for % > 0 and increases for % <0
e For even mode shapes
. b- . b-
P, = % (nznz + eznTn (b - a)) and the critical load decreases for Ta < 0 and increases for Ta >0

e For the special case of one non-ideality, without loss of generality, one may assume b = 0 with the critical loads
. _EI( 5 5 2nm
being P, = L—Z(n me— sTa)
e Buckling is an unstable position for a column which should be avoided and the most critical loading corresponds to

the lowest value P,, = % (nz —€ ZTH (b + a)) which occurs when n=1.

In Fig. 1, the ideal and non-ideal mode shapes are contrasted with each other for the first mode. Fig. 2 is a comparison for
the second mode shapes.
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Fig. 1. Deviations of mode shapes (=1, &0.1, a=1, b=0.6, c=1) Fig. 2. Deviations of mode shapes (n=2, &=0.1, a=1, b=0.6, c=1)
There are slight distortions observed in the mode shapes due to the non-ideal supports.

3. Non-Linear Buckling
For the non-linear buckling model, starting from

M (19)

I

|

n

and substituting for =3 and M = —Py, the dimensional equation is

— y
Py

d?y* P (20)
A *12\3/2 —
a2 tEy Ay 0

The equation is again cast in a non-dimensional form by dividing the spatial variables with the length L of the column

e . 1)

=<

and substituting into Eq. (20) yielding

d*y PI? (22)
T T EryatynTi=o.

In order to delay the geometric nonlinearity and make it appear at the same order as of the non-idealities, a transformation
is done y = vey which leads to

d? 23
d_xZ”Zy(l +ey'?)3? =0 @)

in view of Eq. (4). The conditions allowing small deflections are
y(0) = ea, y(1) =¢€b (24)
where a, b~0(1), € < 1 as mentioned earlier.

With employment of the Strained Parameters Method (Nayfeh, 1981), the expansions are

y(x) = yo(x) + ey, (x) + 0(¢?) (25)
A2 =1+e) + 0(e?) (26)

substituted into Eq. (23) and Eq. (24) which yields after separation

0(1): y5' + A5¥0 = 0, yo(0) =0.%(1)=0 27
0(&): yi' + Ay = —hyo —545v0y0°, »1(0) =a,y;(1) =b (28)

The first order solution is
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vo(x) = csinnmx, n=123,.. (29)

Ao =nm (30)
The solution at the next level of approximation is

v, (x) = acosnmx + (b(—1)" — a)xcosnmx + %nznzc3sin3nnx (31

3 2nm
M =—=nntc?+—OB(D" - a) (32)
8 c
The final solutions are
y(x) = csinnmx+ (acosnnx + (b(—1)" — a)xcosnmx + %nznzc3sin3nnx) (33)

2 3
A =n’n?+¢ (g (b(-D)"—a) - §n4n4c2> (34)

For an admissible perturbative solution, the corrections should be a small fraction of the unperturbed terms. This requires
the conditions

e(b(-1)"-a)

a
c

«1,

« 1, gsnznzcz «1 (35)

to be satisfied in the expansions. The O(¢) term in the solution (33) contains distortion of the mode shapes stemming from

the combined effect of non-ideal supports and geometric nonlinearity. From Eq. (4) and Eq. (34), the critical buckling loads
for each mode shapes are

E

P, = L—21<n2n2 +¢ (znTn (b(-D"—a) - %n“n”‘cz)) n=123.. (36)

One may draw the following conclusions from Eq. (36) in addition to the comments given in the previous section for the
linear case:

e The geometric nonlinearity always decreases the critical buckling load in accordance with the negative term

3
—sgn“n“cz

e The decrease of the critical load due to the geometric nonlinearity can be suppressed by non-ideal support conditions
if

c=L 20 -0

e The critical load of the linear theory can be higher, equal or lower for the non-linear, non-ideal case depending on
the buckling amplitudes and non-ideal support parameters.

Comparison of the mode shapes with the ideal and non-ideal cases are depicted in Fig. 3 and Fig. 4. The solid curves

represent the ideal case with geometric nonlinearity and the dashed curves represent the non-ideal case with geometric
nonlinearity

Fig. 3. Deviations of mode shapes (n=1, €=0.05, a=1, =0.6, ¢=0.5)  Fig. 4. Deviations of mode shapes (n=2, €=0.05, a=1, b=0.6, ¢=0.5)

Non-ideal support conditions distort slightly the mode shapes.
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4. Conclusions

The buckling of columns is investigated for the case of small deviations in boundary conditions. The dimensionless
equations are solved using the strained parameters method, a perturbation technique well adopted for eigenvalue-
eigenfunction problems. Effect of such deviations on the critical buckling loads and mode shapes are investigated in detail.
Formulas for the critical buckling loads are given. The non-idealities may change the critical buckling loads depending on the
non-ideality parameters, amplitudes of buckling and number of modes. The imperfections in the conditions may suppress the
effect of the geometric nonlinearity for some special values of the physical parameters. The mode shapes are also distorted by
the non-ideal support conditions.
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