
* Corresponding author   
E-mail address: shahanaghi@iust.ac.ir  (K. Shahanaghi) 

 
© 2017 Growing Science Ltd. All rights reserved. 
doi: 10.5267/j.uscm.2016.12.001 
 

 
 

 
 

Uncertain Supply Chain Management 5 (2017) 273–296 
 

 

Contents lists available at GrowingScience
 

Uncertain Supply Chain Management 
 

homepage: www.GrowingScience.com/uscm 
 
 
 

 
 
 
 

 
Allocation and routing ambulances under uncertainty condition and risk for demands using the 
multi-stage hybrid robust model     

 

Ardavan Babaeia and Kamran Shahanaghia*  
 
 
 
aDepartment of Industrial Engineering, Iran University of Science and Technology, Tehran, Iran 

C H R O N I C L E                                 A B S T R A C T 

Article history:  
Received July 2, 2016 
Received in revised format 
September 10, 2016 
Accepted December 8 2016 
Available online  
December 8 2016 

 Accidents and unpredictable diseases in different parts of the world, especially in big cities 
influence many lives. Most of the accidents and/or sudden diseases require quick aid due to its 
relation to people’s life, and the least time might affect the result of the aid significantly. It is 
noteworthy that finding the appropriate solution is under influence of considering the financial 
and treatment limitations. Integration of decision making in relief logistics leads to establish a 
better condition. Also, with regards to the unpredictability of relief demand, uncertain 
conditions should be investigated in a more appropriate way of planning process. This paper 
investigates a comprehensive and multi-level emergency Location allocation routing 
emergency problem under uncertain conditions with stable response to the different situations. 
In the presented model, the demand is defined by the emergency stations in order to represent 
the actual situations in real world. On the other hand, by the increase in the rate of providing 
services by the ambulances, the length of the queue will decrease and the costs will reduce due 
to the increase in the efficiency of the ambulances. A simulated annealing (SA) algorithm is 
developed to solve the problem. The obtained results show that the proposed algorithm has 
good performance. Finally, a sensitivity analysis is done to consider the effect of different 
values and uncertainty taken by parameters in real world. 
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1. Introduction 

 
Occurrence of unpredicted incidents and diseases always impacts various parts of the world especially 
in the big cities. Usually, incidents and unexpected diseases need quick relief regarding the financial 
and therapeutic limitations. The process of planning, management and control of the flow of relief 
resources for the injured people and patients is called relief logistics. The relief logistics seeks to present 
the best possible relief services to the people in need of relief with the available resource (Overstreet, 
2011). Disasters are characterized by their uncertain and unpredictable natures; and therefore, demand 
may change rapidly in such an environment (Swiss, 2015). Performance of emergency services is 
measured in terms of the response time and the total logistics cost (Rahmaniani & Shafia, 2013). Iran 
is a western Asian country, located in the central Asian and Caucasus region, with an area of 
approximately 1,650,000 km2 and a population of more than 75 million people. According to the World 
Health Organization (WHO), cardiovascular diseases are the most prevalent causes of mortality in Iran 
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(Bahadori et al., 2010). Unintentional accidents are the second cause of mortality. Iran with 28000 
annual deaths has the highest mortality rate from road traffic accidents in the world. The road accidents 
rate in Iran is 20 times higher than the world average. According to the Iranian data one person loses 
his/her life every 19 minutes due to car accidents (Bahadori et al., 2010).  Iran is also constantly exposed 
to natural disasters such as earthquakes and floods. This situation further emphasizes the importance of 
an integrated system of relief logistics in place throughout the nation, because such a system benefits 
not only individual people but also serves the best interests of the nation. The researches in the 
humanitarian logistics operation have different levels including one-level, two-level and multi-level 
(Balcik & Beamon, 2008). The number of facilities in this category of problems include one-facility 
and multi-facilities (Jotshi, et al., 2009). The scale of transport fleet is investigated for one vehicle and 
several vehicles (Tzeng, et al., 2007). 
 
Ratick et al. (2009) declared that the emergency request is stochastic and fuzzy in certain humanitarian 
logistics operation. Mete and Zabinsky (2007) showed that availability of facilities and paths could be 
studied by two criteria of certain and uncertain conditions. The limitation of facilities capacity in all 
types of models was active and sometimes passive. The emergency vehicles were considered under two 
types of with capacity and without capacity. The time window was considered in three categories of 
unlimited time, soft time window and hard time window (Özdamar et al., 2004). The humanitarian 
logistics model can perform the delivery operation, loading and simultaneous delivery and loading in 
the stations (Campbell et al., 2008). The type of path is defined under two types of open and closed 
(Jotshi, et al., 2009). The location of customers in the network needs routing of nodes or edges (Mete 
& Zabinsky, 2007). The type of objective functions is cost, humanitarian or the combination of the two 
which are single-objective, two or multiple objective (Mete & Zabinsky, 2007). These models can be 
employed in crisis such as earthquake, flood and others (Özdamar, et al., 2004; Mete & Zabinsky, 
2007). Modeling of location problems of emergency facilities has been emerged in scientific 
discussions with the onset of World War II and the researchers have paid special attention to the 
research in this field. The 1970s can be considered as the commencement of modeling of emergency 
facilities location. The first model was used to minimize the response time instead of target 
envelopment function (Swoveland et al., 1973). Between 1970 and 1980, most of the models have been 
considered in certain form and uncertainty was less in the warmth of respect. The first stochastic model 
was proposed by Aly and White (1978) and in 1980s, most of the researchers considered the models to 
be stochastic and the parameters to be random. Meanwhile, the models with supportive cover (ReVelle, 
1989) were more attractive. One of the most important stochastic models with envelopment target 
function which provides a field for the application of stochastic models was presented by Daskin 
(1983). Moreover, in this period, location allocation (Pirkul & Schilling, 1988) models were 
considered. The first review model which categorized the emergency facilities models was presented 
by ReVelle (1989). Also, Matsutomi and Ishii (1992) utilized fuzzy concept in modeling and solving 
the emergency location problems for the first time. The first model with considering the reliability was 
presented by Ball and Lin (1993). From 1990 to 2000, the researchers developed the existing models 
by focusing on above models. From 2000 on, there was a great attention to the solution methods and 
the multiple objective models were more popular during these years. In 2004, the partial cover model 
was presented by Karasakal and Karasakal (2004) which solves the main problem of maximal covering 
location problem (MCLP) model. Furthermore, receiving a lot of attention to solution methods caused 
that heuristic and meta-heuristic approaches play a significant role in the papers published in recent 
years. Based on the purpose we should minimize the time of travel and the loading time with regards 
to the path and extent of traffic flow should be evaluated to introduce effective factors in the decision-
making (Campos et al., 2012). In order to shorten the distance between demand and traveling time 
limitation and road damages, the third model is investigated (Shen et al., 2008) with regards to the 
fourth basis which is the number of cases that the request is not satisfied, the number of needed 
emergency units, the total number of covered requests, minimizing the risk and increasing the survival 
of people, decreasing the waiting time of injured people for help, the volume of traffic and capacity of 
havens based on the number of vehicle, request, the covered area, cost and time of travel has been 
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created (Campos et al., 2012). Location and allocation in humanitarian logistics transportation aims to 
minimize the transportation time with regards to the servicing, emergency demands and budget and 
resource constraints to increase the lifespan of the patients (Edrissi et al., 2013). However, based on the 
distribution, humanitarian logistics models have objectives such as cost which includes minimizing 
traveling costs, distribution cost and distance which their feasible space is proportional to the extent of 
supply (Liberatore et al., 2014). On the other hand, the capacity of facilities is one of the main elements 
in these problems with regards to the demand satisfaction. Therefore, issues such as extent of stock, 
resource flow and the number of injuries falls into this category (Davis et al., 2013). Limited financial 
power for implementing and managing of the ambulance stations is the reason why planning is largely 
necessary in this field. In addition, because of uncertain conditions in ambulance demand and the 
traversing time of the ambulances through the path in the various times of the day, uncertain planning 
will yield more real applications. All in all, a notable missing of the aforementioned researches is the 
lack of considering the stability of the problem space initially. By obviating this gap, the decisions will 
be accompanied by desirable and stable results. On the other hand, the integrated modeling of locating 
the emergency stations, allocating the ambulance and routing can lead to the better and more precise 
results. Also considering queue system of type M/M/m at steady state is another innovation. 
Minimizing queue length leads to faster response in relief logistics. According to this requirements, a 
comprehensive algorithm for location of emergency centers, allocation and routing of ambulance under 
uncertain condition is studied using a SA algorithm to solve the problem. In turn, a hybrid robust multi-
step planning is used which relies on chance due to the interaction with the decision maker. 
 
The organization of this paper is as follows: in Section 2, the proposed model is presented. In Section 
3, numerical analysis is provided to analyze the model. Finally, in Section 4, the concluding remarks is 
presented and suggestions for further studies are recommended. 

 
2. Problem definition 
 
Ambulance planning is one of the most important issues in relief logistics which faces with several 
challenges that make the decision making more complex. The proposed solution algorithm which is 
used in this paper is represented in Fig. 1. The steps of algorithm are explained in following subsections. 

 
Fig. 1. The proposed solution algorithm 

System 
Dynamics

•Identifying 
problem space

Control •Investigating problem 
stability for continueing 

Monte carlo 
simulation

•Categorization of 
demands

Determining 
probability of 

scenarios

Mathematical 
modeling

Determining 
Demand Risks

Problem 
analysis



 276

2.1. System Dynamics and control 
 
System dynamics is one of the first responses to the weaknesses of operation research and other 
techniques of the management science which was presented by Forrester (1961) in MIT University for 
the first time.  To determine the space of the emergency problem which is going to be modeled, causal 
diagram of system dynamic can be used. With the causal diagram, the flow diagram of emergency 
problem can be determined by knowing the variables and the level. The diagram in Fig. 2 is the flow 
diagram of the emergency problem which has been investigated. Structure of a complex one feedback 
loop system is not simple and in which a state of the system causes the system how to behave. A 
complex system has many feedback loops. The rates and internal levels of it are non-linear. The 
complex system is of high order which means that the number of the level variables are high. These 
systems are usually involved with positive loops which represent the growth processes. Also, it has 
negative or purposeful loops. As it can be seen in Fig. 2, the problem includes two rates. The input rate 
which is proportional to the rate of service covering and the cost rate which is proportional to the rate 
of emergency demand or in other words, the level and number of the patients. This means show the 
level of unsatisfied demand. The rate of service covering in the real world is rarely equal to the demand 
and as a result, responsiveness capacity would be a specific percentage of the demand. The 
responsiveness capacity is also proportional to the intersection of the number of the untreated patients, 
the minimum capacity of the emergency station and the reception capacity of the hospital. As the 
constraints generate the feasible area of decision making, the minimum capacity of the hospital and the 
emergency station is regarded as the basic capacity ( . , ).  
 

 

 

 

 

 

 

 

 

 

Fig. 2. Proposed flow diagram 
 

In Fig. 3, the block diagram based on the causal diagram is presented. Also, the signal diagram is 
shown in Fig. 4. These diagrams are adapted from Ogata (2007). Details of applied symbols is 
presented in Table 1. 

 
 

 

 

 

 

 

 

 
Fig. 3. The block diagram 
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Fig. 4. The signal diagram 
 

Table 1 
Details of proposed diagrams 

Symbol Mathematical Base Description 
. , Minimum capacity of hospital 

Demand  Demand of injured people 
X(t)  System feedback in t 

∝  Coefficient as a percentage 
H(t)  System feedback in t 

1
 Integral based on dt Update uncovered demands 

 
In order to make a decision in such problems and to determine and improve the problem space, it is 
vital to ensure that the decision space is stable. Because, making decisions in an unknown and highly 
variable circumstance do not lead to appropriate results. Thus, decision space must be stable in order 
to consider uncertainty in the problem and make the problem closer to the real world. The control step 
is presented according to Ogata (2007) and it can be proved that problem is controllable. To investigate 
the stability of a system, transformation function of the system must be determined. Then, according to 
the flow equations, blocked and signal equations (which were represented in previous section) the 
Mason interest can be calculated (see Appendix 1) 
 
2.2.Simulation 
 
In this paper, demand is defined by intensity and value. In this way, demand is introduced by six 
scenarios based on its probability. The considered probability value and the demand intensity are 
presented in Table 2. 
 
Table 2  
The probability value and the demand intensity 

1 0.1  0.15  0.25  0.3  0.15  0.05  Probability 
  0  1  2  3  4  5  Demand 

intensity 
 
Using Monte Carlo simulation, the cumulative diagram of Table 1 can be presented. Also, using random 
numbers corresponding to the scenarios, uncertainty condition is transformed to deterministic one. The 
results are represented in Table 3: 

 
Table 3  
The certain intensity of demand 

0.26 0.78  0.57 0.58 0.23 Random generated number 
1 3  3 3 2 Intensity of certain demand 
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In the Table 4, demand is represented with the probability of the event. 

Table 4  
The probability and demand values 

0.05 0.05 0.1 0.1 0.2 0.25 0.15 0.1 Probability  
5 10 0.15 20 25 30 35 0.4 Demand  

 

Also, by using the Monte Carlo simulation, final results are given in Table 5. 

Table 5  
Confirmed values 

0.850.750.74 0.280.40.690.60.10.740.15 0.4 0.21 Random number 
1333 2 Intensity 
20507075 65Demand 

 
By doing so, demands are transformed into a deterministic value. 
 
For instance, consider a city which requires relief logistics. A city can be divided into three sections 
and demand of each section needs to be determined through the above-mentioned approach. While the 
demand of a section is related to other sections, it can be a coefficient of the specified section with 
respect to the relation type. For example, if the eastern area of the city is assumed as a host of 
employee’s traffic in the morning, the other areas of this city will be the host at the end of the work 
shift. Thus, the incident is higher in the morning for the eastern area and it is higher in other areas at 
the end of the work shifts. 

 
2.3.Determining the probability of the scenario occurrence 
 
Scenarios have been extracted from the model below based on two criteria due to the utilities (Wang et 
al., 2016). A small example has been considered and analyzed by the proposed model of Wang et al. 
(see Appendix 2). The results for solving the model are shown in Table 6. 

 
Table 6 
The obtained values from the model 

p Values obtained from the model  
1  0.6  
2  0.4  
3  0.4  
4  0.6  
5  0.4  

 

2.4. Determining Demand Risks 
 
Data covering analysis appeared at the end of the 70s. Data covering analysis is used as a method to 
evaluate the performance of decision-making units (DMUs). The data covering analysis is based on 
linear programming which provides the efficiency of each part without having access to mental and 
economic values such as weight and the cost (Mavrotas & Trifillis, 2006). The following model has 
been used as the basic model to evaluate the efficiency in this paper. 
 
Slacks- Based Measure (SBM) Model 
 
Data envelopment method was originally developed by Charnes et al. (1987). CCR models, a special 

form of DEA, under weak efficiency assess the radial (relative) efficiency 
* and do not consider lack 

of outputs or excess inputs. This is a shortcoming because 
* does not consider non-zero auxiliary 
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variables. Although the cumulative model is directly dealt with excess inputs and outputs and 

distinguishes the efficient and non-efficient DMUs, like 
* in CCR model, it does not measure the depth 

of non-efficiency. In order to overcome this deficiency, an efficiency measurement method based on 

auxiliary variables is used as a scalar with a value no less than 
* , that is called Slacks- Based Measure 

(SBM). 
(1) This value is stable to the measuring unit of input and output factors (independent of unit). 
(2) This value is uniformly reducing according to the input and output auxiliary variables (uniform). 
The following fraction can be used to estimate the efficiency of (XO, YO) DMU: 
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where, λ, S- and S+ are the variables and 0X  . If iox  equal to zero, then we will eliminate i ioS / x
  

from the function. If 0ioy  , then we will change it with a smaller positive number so that r roS / y
  will 

be consider as a penalty value (Cooper et al., 2004). 
 
The application of data envelopment analysis model in this paper is as follows: the emergency demands 
can be studied in terms of risks. That is, the demand has taken place at what probability that has caused 
danger and increased the injuries. In such cases, facilities and forces are required to be responsive so 
that detection and the pace of performance will increase. Therefore, the four criteria including the 
probability of risk growth, increase of injuries, respondents’ equipment in terms of facilities and the 
required forces to be responsive in the form of humans can be studied for each demand. From the DEA 
point of view, the first two criteria are inputs and the next two criteria are outputs for risk assessment 
of each demand. In order to show the increase in demands, the efficiency obtained from each demand 
risk should be added to 1 number, so that the increase in responsiveness for controlling the risk can be 
shown in demands. On the other hand, some of these demands are discussable as control tools over 
inputs and some other on outputs. Therefore, the efficiency of some demands can be obtained from 
input-centered models and some others from output-centered models. Some of the demands are 
dependent on demands that are not discussable in the problem or factors that are not directly related to 
the event in kind and entity. Hence, they affect the uncovered demand. That is why they should be 
considered in determining the efficiency so that demand risks can be analyzed more realistically. 

 
2.5.Presenting the model 
 
In current research, integration of planning of relief supply chain which includes the location of the 
stations, assigning ambulances to them and also ambulances routing to relieve the patients in a standard 
time and with the minimum cost is considered.  To model the problem, consider a city that needs to be 
relieved when a disaster occurs. Problem can be shown as a graph network therefore, some nodes of 
the graph (in the considered city) are candidate locations for building and establishing the stations for 
the ambulances and also, stations can be established with various costs in these nodes. These centers 
are depot of the ambulances where they begin their tour from there to go to the required nodes and then, 
to the hospitals. So, different paths can be chosen. The optimal routes of ambulances is in line with 
optimal objective value. Traffic load of these paths depends on the time and because of this, a single 
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approach cannot be chosen for all times. As a consequence, different scenarios should be simulated. 
This traffic load has a direct impact on the traveling time. It is possible that a long time would be 
necessary for a short path and vice versa. Therefore, it is more appropriate to consider time instead of 
the path between two points. Finally, it should be decided about the selection of destination hospitals. 
The possibility of transferring the ambulances in order to have a better use of available resources is 
also considered. On the other hand, due to the uncertainty of demand of ambulances in the stations, 
demands are considered based on different scenarios.  
 
The proposed model has multiple steps that in one step the assignment is based on the scenarios for 
satisfying the demand of emergency stations. In next step, the final assignment for establishing the 
ambulances in the stations based on the assigned scenario is conducted and then based on the final 
assignment, the locations of the needed emergencies are established. Finally, after locating the 
emergencies centers, the routes are constructed proportional to them. Therefore, the proposed model is 
a multi-step one. In next section, the model is presented.  
 
A schematic example has been depicted in Fig. 5. Six applicants, one hospital and two potential 
emergency stations are considered in one section city with. The constructed routes are shown using 
arrows toward demand nodes. Only one of two potential emergency stations is established with respect 
to demands value. 
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Fig. 5. The schematic example 

 
After simulating the demand and determining the risk according to SBM, the proposed models can be 
presented. 

 
Indices 
i: applicants 
j: emergency stations 
k: hospitals 
S: scenarios 
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Parameters 
: The quantity of demand i in scenario S 

T: The standard time 
α,: Minimum cover percentage 
t : The traversing time from emergency station j to the demand i and from then, to the hospital k 
M: A large number 
f : Establishing cost for emergency location j 
g : Cost of assigning the ambulance to the emergency station j 
C : Cost of required ambulance for demand i from the station j under the scenario S 
A: Cost of establishing a path from i to j up to k 
B: Cost of establishing a special path from i to j and to k 
Bb: budget 

: Performance coefficient for assignment in each scenario 
ω: Coefficient of feasible space 

: Coefficient of scenario effects 
M: A large number 
dd: The difference between fuzzy central number with the lower bound 

: Confidence percentage 
: The average of demands 

: The cost of fuzzy assignment 
: Entrance rate of each demand in each scenario 
: The mean time of servicing in each scenario 
: The efficiency value obtained from data enveloping analysis model for demand i under scenario s 

 
Decision making variables 

 
Xj: 1, if location j is established as the emergency station, otherwise 0. 

: The number of needed ambulance for demand i in station j under scenario S 
: The number of assigned ambulances to the emergency station j 

: 1, if the ambulance goes from emergency j to the demand i and then to the hospital k, 
otherwise 0. 

′ : 1, if the ambulance goes from emergency j to the demand i and then to the hospital k 
through a special path, otherwise 0. 

 , : the transformer variable 
: the number of ambulances giving services to each demand in each scenario 

2.6. Robust model 
 
For retrofitting the model in order to do the final assignment of the ambulance according to the number 
of required ambulances for each demand point, the deviation from the feasible space is considered. On 
the other hand, the impact of other scenarios on each scenario is considered as a retrofitting factor for 
the model and in the objective function. This means in each scenario the number of the needed 
ambulance in each demand point causes the differences with the other scenarios. 
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Objective function (1) includes five terms. The first term minimizes the cost of establishing the 
emergency location and the cost of final assignment of ambulance to the emergency station. The second 
term tries to minimize the cost of establishing the path and the special path. The third term aims to 
minimize the number of needed ambulances in each scenario. The fourth term represents the impact of 
other scenarios on the other ones. The fifth term investigates the feasibility of the problem. The last 
term tries to minimize the length of the generated queue. This queue contains time rate between two 
arrivals, service time rate, and m service providers. In simple terms queue of type M/M/m at steady 
state is assumed. Minimizing queue length leads to faster response in relief logistics, and this is the 
reason why we consider it. The amount of allocated resources of the mean was calculated from Poisson 
distribution which is estimation by confidence interval. 
 
When the assignment of ambulances to the stations is done, a location must be established in that place 
as a station (Eq. (2)). The final assignment of a location is directly linked with the number of 
ambulances that is demanded in each scenario (Eq. (3)). The total number of ambulances that are 
required in each scenario should be at least  percent of the total demand (Eq. (4)). The number of 
required ambulances for each demand in each scenario would be less than the demand (Eq. (5)). The 
total time that a path is formed must be less than the standard time T. Otherwise, the path will transform 
to a special path (Eq. (6)). In simple words, when the total time for the process of going from the 
emergency station up to carrying injured people to the hospital is more than the standard time (which 
is calculated by the experts based on the probability of injured survival) then, a special path of 
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emergency is provided which reduces the time in terms of management and physical structure. In 
management terms, it is based on the traffic control of the region and in structural terms, it can help be 
by establishing an emergency path. The path is constructed when the emergency station is established 
(Eq. (7)). The path is constructed according to the number of assigned ambulances (Eq. (8)). Eq. (9) 
and Eq. (11) are the limitations of robust linearization. Eq. (11) guarantees the formation of a path of 
ambulance station. Eq. (12) determines the number of servicing ambulances in each scenario. Type of 
variables is specified in Eq. (14). 
 
2.7. Mathematical Model for allocation of uncertain servicing resources 
 
In this section, the required amount for each demand point of emergency location is considered 
stochastically and also, supplier resources are dealing with uncertainty in meeting the requirements. In 
other words, each demand point tries to maximize the probability of satisfying its own emergency needs 
due to the fact that the resources which employ are dealt with uncertainty. 
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The objective function aims to increase the allocation probability of ambulance to the locations that 
satisfy the demand in each scenario (Eq. (14)). Eqs. (15-21), Eq. (24) and Eq. (25) are the same as 
before.  This constraint shows that the financial resources (budget) is always a fixed sum (Eq. (22)). 
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Eq. (24) shows that the total required ambulances in each scenario for each demand point follows the 
average of Poisson’s distribution. The impetus behind using this distribution is that the occurrence 
probability of a number of these event is related to the time duration and also, number of events in 
separated time intervals are independent to each other. Eq. (25) is the confidence distance for μ in 

Poisson’s distribution. In this constraint, ̅ is the average, n is the sample size and 
̅
 is the one-

sided confidence level with the confidence level of  	1 % . Type of the variables is specified in 
constraint (27). 

 
2.8.  Robust model with uncertainty servicing resources and considering the probability of satisfying 

the fuzzy demand with fuzzy costs 
 
In this model, sum of the assigned costs to the ambulance of each point is proportional to the location 
of emergency stations and it is considered as a fuzzy triangular. Therefore, we aim to increase the 
responsiveness chance for the needs of each demand point. Moreover, the assigned cost to the 
ambulance in each demand point is proportional to the emergency stations and it is considered as fuzzy 
triangular number. Hence, the model tries to increase the chance of responsiveness to the needs of each 
demand point. 
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̃ 						   (41) 

   (42) 

μ 	̅								∀ , ∀   
(43) 

			 							∀   
(44) 

̅
̅

	μ ̅
̅
  

(45) 

								∀ , ∀   
(46) 

	̅				free	variable, 
0, 	 	 0,1 , , 	 	 0,1 	, ∆ 	, 0,  , 0 0 , ∀ , ,

 
(47) 

 
The objective function has five terms (Eq. (32)). The first term tries to increase the probability of 
allocation of the ambulance to the locations that satisfy the demand in each scenario. The second term 
minimizes the number of required ambulances in each scenario. The third and fourth terms are adopted 
from the main components of robust model. The third term represents the effect of other scenarios on 
the current scenario. The fourth term investigates the feasibility of the problem. The fifth term focuses 
on the minimization of the number of ambulances in order to minimize the costs. The number of 
required ambulances for each demand in each scenario is less than the demand (Eq. (36)). For demand, 
the chance of being a proportion of the demand point in each scenario from each location is based on 
the distribution probability. Here, the distribution for the probability coefficients of the variable is based 
on the normal distribution with the average of zero and variance of one (Eq. (37)). For demand, the 
chance of being a proportion of the demand point in each scenario from each location is based on the 
fuzzy demand. For this constraint, it is assumed that the maximum confidence is 50 percent (Eq. (38)). 
To solve the problem, the minimum of the Eq. (37) and Eq. (38) are considered. The solution in both 
of the problems is feasible but the better problem can be selected according to it conditions. 

 
3. Solution method 

 

In this section, a heuristic and a metaheuristic algorithm (namely Simulated Annealing (SA)) are 
developed to solve the proposed model. The heuristic is applied to generate initial solutions and the SA 
is applied to improve these solutions. 

 

3.1. Solution Representation 
 

To show the binary variables, we used a single-row matrix that is related to emergency station locations. 
Its dimension is 1 I  in which columns are potential locations for establishing the emergency station. 

This matrix’s elements are zero and one in a way that zero and one correspond to establishment and 
non-establishment of the emergency station. 
 

 j 1 2 j
X X X .... X  (48)

 

For example, the solution representation for this matric can be written as Fig. 6 if four candidate 
locations exist for establishing the transfer points. 

 
Emergency station  

1 000

Fig. 6. Solution representation for initial solution 
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After that, a constructive heuristic algorithm is used to generate initial servicing routes for ambulances. 
The steps of algorithm are as follows: 

1- Assign ambulances to the established station. Assign a demand point to the ambulance 
randomly.  

2- Select next demand point with respect to the related constraints such as considering standard 
time to service. In addition, we should select that demand point which has the least cost of 
establishing a path and least traversing time. If we have multiple points satisfy these constraints, 
select one of these randomly and service it.  

3- If standard time limitation has been violated, send another ambulance. Otherwise, service other 
demand points. 

4- If all demand points are being serviced, go to 5. Otherwise go to 2. 
5- Stop the algorithm. Report the solution.  

The solution representation for the constructed routes of ambulances in a station is presented in Fig. 7.  
We have some ambulances assigned to the established stations. Each row represents constructed tour 
of the ambulances. If we have no demand point to service, zero is put in the matrix. 

 
hospital  Demand point #Ambulance in established station 

1  0  0 0 4 6 5 2 1 
1 0 0 0 0 3 7 1 2 

Fig. 7. Solution representation for initial solution 
 

3.2. Simulated Annealing 
 
Simulated annealing is a technique which have been applied to problems that are both difficult and 
important. The simulated annealing begins its search from a random initial solution. The iteration loop 
that characterizes the main procedure randomly generates in each iteration only one neighbor ’ of the 
current solution . The variation Δ for the value of the objective function ( ) is tested for each neighbor 
generation (Hwang, 1998). To test this variation, Δ = ( ’) − ( ) is obtained. If the value of Δ is less 
than zero, then the new solution ’ will be automatically accepted to replace . Otherwise, accepting 
the new solution ’ will depend on the probability established by the Metropolis criteria, which is given 
by ‐Δ/ , where  is a temperature parameter, a key variable for the method. Therefore we have: 

∆

 (49) 
 

Fig. 8 shows the simulated annealing pseudocode. 
 

 

Fig. 8. Simulated annealing pseudo code 
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Local searches used in this algorithm are as below: 
 
1. Change the established station to non-established station and choose another one to be 

established. 
In constructed routes by ambulances: 

2. Reverse the sequence of the served demand point in each solution. 
3. Select a part of a solution is selected randomly and change its sequence.  

 

It is noticeable that feasibility of the new generation of solutions is checked after applying these local 
searches. 

3.3. Algorithm Stop Criterion 
 
It has considered a maximum number of iterations for stopping the algorithm. In addition, another 
stopping criterion is considered as the maximum number of iterations with no improvement for the 
increasing the efficiency and decreasing waste time. Finally, report the solution with best objective 
value. 
 
4. Results analysis  
 
In first step, we generate two instances in different sizes to evaluate the performance of the proposed 
algorithm. Then these two instance are solved both by the proposed algorithm and by GAMS software. 
Instances information are shown in Table 8. It is worth to say the model were analyzed through the 
GAMS and Baron Solver software in 1000 seconds. The obtained result is presented in Table 7. 

 
Table 7  
The Obtained Results from solving instance problems 

Instances GAMS Objective SA Objective GAP (%) CPU (seconds) SA Run time (seconds) 
Small-Sized -1655.126 -1673 1.07991778 659.15 13.26 
Large-Sized -5734.900 -5390 0 1000 36.19 

 
Table 8 
Data for sample problem 

Parameters Small-sized instance problem large-sized instance problem 
Number of applicants 10 25
Number of potential emergency stations 4 6 
Number of hospital 3 5 
Number of scenario 3 6
T 100 200 
ω 0.7 0.7 

 0.3 0.3 
∅  1.64 1.64 
d  90 90 

 0.2 0.2 
 (20, 14. 12, 8, 10) (20, 14. 12, 8, 10) 
 (22,18, 14, 10, 6) (22,18, 14, 10, 6) 
̅ 600 600 

n 100 100 
dd 10 10 

 
As it can be seen in Table 7, SA has shown appropriate performance in comparison with GAMS 
software. It has so much better results in large-sized instance. In the following, we apply a sensitivity 
analysis on small-sized instance to investigate the effect of uncertainties. Due to the fact that hessian 
matrix is the limitations of the feasible area and the positive semi-definite objective function and also 
the problem is linear therefore, the feasible area of the problem and the objective function are convex. 
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Hence, in this convex planning type, the problem involves the optimum point which is attained by 
solving the problem. In other words, the solution is convergent to the optimum point. After demand 
simulation and its risk determination through SBM, the problem can be analyzed. In fact, the model 
was solved and analyzed by considering four candidate location for the emergency stations to satisfy 
three demand points and to transfer the injured to three hospitals. The problem is assignment scenario 
based on fuzzy demand. Definitions of sets and parameters for the sample problem shown in Table 8 
in details. Also, the parameters are generated randomly. 
 
Problem 1 with the limitation of assignment scenario is based on the probability satisfaction of the 
demands and problem 2 is an assignment scenario based on the fuzzy demand. Parameters 
of	ω,	 ,	∅ ,  d   are changed in the interval of 20 percent decrease and 20 percent increase in order 
to investigate the sensitivity of the problem to them. Therefore, in Table 9 and figures below, their 
effect on the objective function and main variables of the problem is investigated. The numerical results 
are shown in Table 9. 

 
Table 9  
Investigating the changes of parameters 

Objective function 
Parameter changes intervals

-20% -10% 0 +10% +20%

Objective function in problem1 
for the changes of ω 

-1647.098   -1654.091   -1655.126   -1656.400  -1659.381   

Objective function in 
problem1 for the changes of  

-1663.2947   -1657.724   -1655.126 -1651.272   -1649.451   

Objective function in 
problem1 for the changes of   

infeasible -1679.995 -1655.126 -1280.344 -1240.7638 

Objective function in 
problem1 for the changes of ∅  infeasible infeasible -1655.126 -1563.682   -1427.592 

Objective function in 
problem1 for the changes of  

-1791.8654 -1648.8154 -1655.126 -1806.1866 -1811.507 

Objective function in 
problem2 for the changes of  

-554.1056 -548.1864 -552.118 -562.908 -563.822 

Objective function in 
problem1 for the changes of  

-1814.3183 -1806.2976 -1655.126 -1649.1716 -1645.962 

Objective function in 
problem2 for the changes of  

-570.2696 -558.6126 -552.118 -548.4877 -545.3379 

Objective function in 
problem2 for the changes of ω 

-550.8935 -551.7965 -552.118 -553.6835 -554.6752 

Objective function in 
problem2 for the changes of  

-554.0812 -553.4430 -552.118 -552.093 -551.4658 

 

a) Analysis of ω in Problem1  b) Analysis of ω in Problem2 
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c) Analysis of ∅  in Problem1 d) Analysis of   in Problem1 

 
e) Analysis of  ∅   in Problem2 f) Analysis of  in Problem2 

g) Analysis of  in Problem1 h) Analysis of   in Problem1 

i) Analysis of  in Problem1 j) Analysis of   in Problem1 
 

Fig. 9. Investigating the object function of the problem1 against the changes of the feasible space 
 

As it is represented in Fig. 6, by increasing and decreasing the parameters, objective in problems 1 and 
2 represent different manners. For example, by increasing 	ω, total profit decreases in both problems. 
It can be mentioned, by inceasing the assignment of ambulance to the locations, the feasible area 
changes more which leads to the increase of costs (Fig. 9 (a, b)). And for the last part of Fig. 9 (Fig. 9 
(i, j)), by increasing ϑ , the total profit increases in both problems and behaves like √  function in 
problem 2. By the increase in servicing rate of the ambulances, fewer ambulances will be allocated to 
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each station and the costs will decrease. This decrease continues until it reaches the maximum 
efficiency of each ambulance. 
 
Considering the obtained results and total cost that needs to be minimized so that demands can be met 
better, when the servicing resources in the first problem that probably meet demands, incur more costs, 
by the increase in scenario controlling, in general the costs decrease and the model becomes more 
stable. On the other hand, by the increase in the rate of ambulance servicing, the efficiency of the 
ambulances increase and this fact leads to the reduction in the final costs. By the increase in the rate of 
demands, besides the increase in ambulance efficiency, more ambulances should be allocated to each 
station which will result in an increase in the costs. Hence, the analyzed Fig. are sometimes in fixed 
slopes, ascending and descending slopes at other times. Generally, if we are seeking to make quick 
decisions with desirable and more results, we can analyze the aforementioned Figure in line with the 
objectives and with higher slopes because sometimes the decisions lead to few or negligible outcomes 
in line with the objectives for the financial and intellectual capitals. Therefore, these losses can be 
prevented considering the above analyses. Decision makings with quick and desirable outcomes require 
facilities that sometimes are not available due to environmental restrictions. As a result, decisions with 
fewer outcomes can be selected using the above analyses so as to gradually reach the desirable point. 

 
5. Conclusion 
 
In this paper, the critical problem and relief logistics are investigated through seven steps. In the first 
step, with using system dynamics, the relief problem space is specified. In the second step, the causal 
space from control viewpoint is investigated. In the third step, by using simulation, demand the 
ambulances is attained. In the fourth step, the probability of the occurrence of scenario events with 
regards to the game theory and according to the traffic and population density is calculated. In the fifth 
step, asking the experts’ opinions, the candidate emergency location have been evaluated and according 
to their opinions, the models proposed to assess the ability of satisfying the expectations of the decision 
maker and also, make justifications that decision maker can understand with what amount of deviations 
he can reach his opinion in the feasible space when there is no response to his expectations. In the sixth 
step, the integrated multi step modeling of location the emergency stations, allocation and routing of 
the ambulance according to fuzzy and probability satisfaction of demand was studied, a Simulated 
annealing algorithm is developed to solve the proposed model. Other innovation of this model include 
shortening the queue length of emergency applicants which will increase their survival and the higher 
the rate of servicing is, the better the ambulance efficiency will be. Also, considering uncertain 
resources for supplying the demand and fuzzy assignment costs with using the robust programming 
were investigated by SA and GAMS software. Results show that our proposed SA has appropriate 
performance, especially in large-sized problem. In the seventh step, the problem was analyzed in terms 
of the obtained results. According to the obtained results, the higher the probability of meeting demands 
is, the higher costs will be incurred by the objective function. Hence, more demands will be met and if 
the model is assumed to be met by fuzzy demands, the costs will decrease due to the reduction in 
responding. In general, the presented algorithm can make the best decisions proportionate to the 
available conditions apart from recognizing the problem step by step. For future researches some 
suggestions are recommended as follows: 
 

 Locating emergency centers in moving manner in various periods  
 Classifying ambulances according to their services 
 Considering ambulances with supportive services for the problem. By sensitivity analysis, 

the number of supportive ambulances in each emergency location with regards to the 
required demand is determined to increase the confidence coefficient. 

 Specifying distribution of usage of ambulances, so that emergency locations can lend their 
idle ambulances to the locations with higher demand. 
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 Considering ambulance and path maintenance, so that the accessibility to these resources is 
determined. 

 For more justice, an objective function can be defined to decrease the unsatisfied demand. 
 

 
Appendix 1. Control 
 
According to Ogata’s book, formulations are presented as below: 

 

Mason	interest= 
∑ ∆

∆
      

(50)  

Here,  is the forward path in signal diagram from input to the output, ∆ 	represents the remaining path after 
traversing the forward path and ∆ is the path with removing of the even loops and adding the odd loops. 
Therefore: 

% 1
1

 
(51) 

∆ 1 (52) 

∆ 1 % 	
1

 
(53) 

Mason	interest=
%

%
 

(54) 

The transformation function is as follows: 

% 	 ,

1

%	 ,

1
%

 (55) 

Considering the equations below: 

1 1

 (56) 

The state equation is calculated as below: 

0								
1								

 (57) 

0								
%

0										
 (58) 

0																																																										
% 												 																											

0 % %
  (59) 

x
0 1

0 	
%

%   (60) 

With regards to the stable state equation, the stability of the problem is investigated: 

	1		 	1 0  (61) 
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row	2			 0      (62) 

row	3		 0 (63) 

 (64) 

0 0 0   (65) 

If decadence has been omitted unintentionally, the second solution would be: 

0 	1 0   
(66) 

1	row	 				0   (67) 

2	row	1			0   (68) 

3	row	0			   (69) 

According the obtained results, the system is stable in both states. 
 
Appendix 2. Determining the probability of the scenario occurrence 

For further explanation, formulations and computations are presented as following: 

How to calculate Pi (ith probability): First, some definitions are described in Table 10. 
 
Table 10  
Definition of parameters and variables 

Decision variable for player i  
Objective function for player i f x 			 
Constraint for player i 			 
Lagrangian coefficient λ  
Source of player i  b  
Right hand coefficient of player i B  
Revenue R x  
Occurrence probabilities for player i P  
Matrix 1 e 
Free variable  
Strategy j for player i x ∈ ,   j=1,2 

Profit gained by game for player i using strategy j from player i, and strategy j from another player 
i 

 

 

A) Mathematical programming model for variable decision maker i: 
Max	f x 								 

St					 0					 

										 0					 

B) Kuhn-Tucker (KKT) Conditions (I): 

By applying KKT conditions, model can changes as below: 

 

Min	 λ 				 x  

										 	 x λ 	 x 0								∀i																								 

											 x 0					 
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										λ 0					 
Assume that: 

 g x :		B x b  
So, we have:             g x B  

On the other hand, We consider: x 	 x R x x   
   Therefore, x R x  

Min	 λ 				 b B 	x 																									 II  

	St. R x λ B 0																								 III 																			 

							b B x 0 

							λ 0 

With respect to III , we have for II : 

R x λ B  

→ R x
∑

λ B  

After rewriting (I : 

Min	 λ 	b f x 		 

R x λ 	B 0																															  

		b B x 0 

							λ 0 

Analyze the problem with game condition:  
  

x
x

a a
a a

   

 

 

R x : x 	x 		
a a
a a

 

Desirabilities ∶ 	
a x a x
a x a x

 

By considering second player in above equation: 

f x x 	x 	.
a a
a a

	 .
x
x

 

And objective for second player: 

x : strategy 1 from player 1  

a :profit gained by game for player 1 

using  strategy  1  from  player  1,  and 

strategy 1 from player 2 

Second Player 

First Player 

x   x  

I  
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f x x 	x 	.
a a
a a

	.
x
x

 

Then: 

f x x 	x 	
a a
a a

a a
a a

	 .
x
x

 

 

Now, we analyze randomness condition of game; according to occurrence probability for each player 

in above model: 
P 0																																												

P 1				, ep 1					
ep 1
ep 1	

 

→
1 	P 0			 S 										
2 			ep 1 0	 β
3 	1 ep 	 0	 α

 

  

 

→	b
0
1
1

		 , B
I
e
e
			 , p  

, e 1,1, … 		, e 1, …  

, λ 	
s
α
β

 

By replacing above formulations in Eq. ( ): 

Max	 E	f x 	  

									R P e 0 

									P 0 

									ep 1 

free	variable 
In the presented model, among all three sections of the city, the first and the third section are competing 
with each other and their game tables are shown based on the two criteria of traffic and population 
density in below. The second section, which is a transformation place, is concluded from the other two 
sections. The first and second row (p1 and p2) are obtained from the first criterion: 
 
2 1
1 1

 

For p3 and p4 which are obtained from the second criterion, we have: 

1 1
1 2

 

Thus, using the mathematical model, values for p are calculated as below  (Wang et al., 2016): 

	 1, 2 2 1 1 1
1 1 1 2

3
4

1 2  (70) 

Lagrangian coefficients 

according to KKT condition → bi Bi xi 0 
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St . 

  1, 2 2 1
1 1

1 2 0 

3, 4 1 1
1 2

1 2 0 

1 2 1 
3 4 1 
1, 2, 3, 4, 1, 2 0 

 
where 1	and 2	are the Lagrange coefficients for each criteria and p5 (which is shown in Table 6) is 
proportional to the sum of them. 
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