
  

* Corresponding author  
E-mail suemuchen@163.com (Y. Su)   
ISSN 1923-2934 (Online) - ISSN 1923-2926 (Print)  
2024 Growing Science Ltd.  
doi: 10.5267/j.ijiec.2024.3.002 
 
 

 
 

International Journal of Industrial Engineering Computations 15 (2024) ***–*** 
 

 

Contents lists available at GrowingScience 
 

International Journal of Industrial Engineering Computations 
 

homepage: www.GrowingScience.com/ijiec 
 
 
 

 

 

Introduce free replacement extended warranty and bundle it? Optimal new extended warranty 
introduction strategy 
 

 

Kaiying Caoa and Yunyi Sub*  
 
 
 

aCollege of International Tourism and Public Administration, Haihan University, Haikou 570228, PR China 
bSchool of Economics and Management, Tongji University, 800 Caoan Road, 201804 Shanghai, China 
C H R O N I C L E                                 A B S T R A C T 

Article history:  
Received December 11 2023 
Received in Revised Format  
January 30 2024  
Accepted March 27 2024 
Available online  
March 27  2024 

 To meet consumer replacement needs, the free replacement extended warranty (FREW) is born and 
becomes popular in the extended warranty (EW) market. In this context, firms need to consider 
whether to introduce the FREW. Given the limited resources of the firms and cannibalism caused 
by the FREW, firms need to decide how to introduce the FREW. To address these issues, we 
construct theoretical models and obtain some managerial insights. We find that the optimal 
introduction strategy is related to the development cost and the expansion effect on the product 
market. Moreover, the optimal bundling strategy is affected by the unit maintenance cost and the 
cost discount caused by the FREW. Only when the benefit of the FREW is great enough, is bundling 
always better. An interesting result is that the price of the bundled EW is higher than the sum of 
the EWs’ prices when selling EWs separately. 
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1. Introduction 

The extended warranty (hereafter EW), an indispensable part of the product and service strategies of the modern firm due to 
its profitability and the effect on promoting product sales (Chen, 2019; Lou et al., 2019), has developed rapidly and has been 
diverse. There exists a variety of new extended warranties, such as free replacement, accident protection plan, upgrade 
replacement, and so on. Those are different from the traditional extended warranty (TEW), which offers consumers who 
purchase it a free maintenance service for the damaged product during the EW coverage period. Especially the free 
replacement EW (FREW) provides a totally new product to replace the damaged product, which has great appeal to the 
consumers. It has also become a widely used service that is provided for a huge number of products. For instance, Amazon.com 
has provided the free replacement for its kindle (Amazon.com, 2022), and Sony has offered this service for some headset 
products (Sony.com, 2022). It is worth considering the value of providing the FREW for firms. Thus, we focus on this type 
of new EW in this paper. Except for the extensive EW service range, the sales method of EW is varied. The EW package, 
including two or more EWs, has become more popular among these methods. For example, Apple has launched its EW 
package, that is, AppleCare+ (Apple.com, 2022). Samsung offers Samsung Care+ for its products (Samsung.com, 2022). 
JD.com and Amazon.com have provided similar EW packages (Amazon.com, 2022; JD.com, 2022). Despite the popularity 
of the bundling method when selling the EW, it is still unclear whether this method will benefit firms or not. Nowadays, the 
great majority of products have been equipped with the TEW. However, whether firms provide a new EW should still be 
scrutinized meticulously due to the firm's limited resources and high development cost. If the firm decides to introduce a new 
EW, such as the FREW, while benefiting from the attractiveness of this unique service and the improvement in product demand, 
the expensive development cost should be borne by the firm. But if the firm chooses to maintain the status quo, it may miss 
the opportunities to make more profits and lose its competition. So, the firm should trade off the benefits and costs of providing 
a new EW (i.e., FREW). Is it an intelligent choice of the firm to change its EW strategy, that is, offer the FREW? This is one 
of the critical issues that our paper wants to explore. 
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And then, if the firm decides to introduce FREW, the sales method of this service has become a significant problem. When 
selling the new service separately, the new EW’s encroachment may hurt the TEW's demand, but it will attract some consumers 
who are interested in the new EW only. Conversely, if the new service bundles with the TEW and is sold as an EW package, 
the higher price of the package may decrease the service demand. Besides, the firm will lose some customers who only want 
to purchase the TEW or the FREW. Therefore, both choices have their own strong and weak points. It is a challenge for firms 
to decide whether to bundle the FREW with the TEW. To address the issues and challenges mentioned above, we consider a 
firm and construct some theoretical models. Due to the attractiveness and popularity of the FREW, it is necessary for the firm 
to explore whether to introduce the FREW. Then, according to the issues of whether to raise the FREW and the challenge of 
which sales method is better---bundling sales or selling extended warranties separately, we propose three cases: the first is 
that the firm sells the product and provides the TEW only (O); the second is that the firm sells the product with two kinds of 
the EWs sold separately (TS); the last is that the firm sells the product and provides a new EW package including the TEW 
and the FREW (TB). After calculating these models and presenting the optimal decisions, we compare the optimal solutions 
and profits and give some managerial insights. In the extension, we take into account corporate social responsibility and the 
two-tier supply chain. 
 
The rest of the paper is organized as follows. We review and summarize some relevant literature in the Literature review 
Section. Section 3 describes the issues we want to explore in this paper, introduces the variable setting, the demand function, 
and the cost structure, and proposes the firm’s profit function. The equilibrium solutions are presented in Section 4, and we 
analyze these decisions and profits in this section. Section 5 shows the extension model we constructed, with the corporate 
social responsibility and the supply chain being considered. The effect of these factors on the EW strategy is also presented. 
Finally, we conclude and give some managerial insights in Section 6. Note that all the proof processes are placed in the 
Appendix. 

2. Literature review 

This paper explores the introduction and bundling strategies of new EW (i.e., FREW). Thus, we review the three most related 
literature on the EW, the free replacement service, and the bundling sale. The first stream studies the EW. Due to the 
considerable profit (Kelley and Conant, 1991; Soberman, 2003), incentive function (Dybvig and Lutz, 1993; Gallego et al., 
2014; Cao and He, 2018), the signal function of the EW (Li et al., 2019; Lu and Shang, 2019), there is already widespread 
research on the EWs. Some of them focus on the pricing problem of the EW (Hartman and Laksana, 2009; Zheng et al., 2021) 
and some of them explore who is the best provider and the best seller of it (Desai and Padmanabhan, 2004; Li et al., 2012; 
Mai et al., 2017). The interaction effect of the base warranty and EW is also investigated. Jiang and Hsiao (2011) point out 
that the retailer’s EW has a negative impact on the manufacturer’s warranty if the public can assess the product quality and 
the manufacturer offers the base warranty only when it is cost-efficient in providing such a service. The literature above is 
based on the one-dimension EW. There are an increasing number of papers on the two-dimension EW, such as Wang et al. 
(2017), and Wang and Ye (2020). Most of the above papers investigate the traditional EW, providing free repair service for 
damaged products. According to these literature reviews, it is evident that the area of traditional EW has been deeply explored. 
However, the area of the new EW is rarely studied and has limited research. Among this limited research, the trade-in service 
as a new EW has been investigated. For example, Bian et al. (2019) explore the optimal EW strategy considering the additional 
trade-in service as the new EW. The results reveal that whether to offer the trade-in EW is related to the handling cost for the 
used product, and the new EW will be sold at a lower price. The other new EWs, such as accident protection insurance, FREW, 
and so on, have almost nobody to explore. Although Cao et al. (2022a) compare the traditional EW and the FREW, the 
coexistence of the two EWs in the market has not been considered. Thus, this paper intends to fill this gap. 
 
The second stream is the free replacement service strategy. Although there are few literature studies on it as an EW, some 
scholars have explored it as a warranty strategy (Rao, 2021; Qiao et al., 2022). For instance, Tsoukalas and Agrafiotis (2013) 
propose a new warranty policy, the free replacement, for non-repairable products characterized by age and usage. The total 
warranty cost and its expected value are obtained to give some advice for the compensation policy and the evaluation of the 
policy’s performance. There exist relatively affluent papers that analyze the cost of the free replacement warranty (Liu et al., 
2015; Wang et al., 2019). Also, with the free replacement policy, the optimal replacement policy is investigated by some 
scholars. Chien (2008) derives the optimal replacement age considering the renewing free-replacement warranty policy, 
Chang et al. (2019) provide a multi-parameter preventative replacement strategy for a stochastically deteriorating system and 
Liu et al. (2021) examine that the optimal strategy is unique even if the product has various failure modes and is equipped 
with a rebate warranty and the free replacement warranty. Moreover, more and more scholars are concerned about the effect 
of the free replacement warranty on the operational decisions of the supply chain recently. For example, Wu et al. (2009) 
obtain the optimal price, warranty length, and production rate of the product in the static demand market considering the 
existence of the free replacement warranty and conclude that the inventory volume will affect the operation strategy. Liu et 
al. (2020) relate the remanufactured products to the non-renewing free replacement warranty and explore the optimal pricing 
and production strategy of the new and remanufactured products in the competitive market. Vafaeinejad and Sajadieh (2022) 
combine trade-in with free replacement warranty considering strategic customers and then propose a heuristic algorithm to 
search concurrent optimization. Despite the increasing number of papers exploring the impact of free replacement on operation 
management, there is still a gap in the FREW, much less in the operational decisions of the supply chain with the FREW. This 
paper aims to study FREW and its operational decisions, such as pricing and sales methods. It’s imperative to delve into the 
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new EW and provide some insights for the firms.The last stream is the bundling problem. The bundling strategy can be divided 
into pure and mixed bundling (Derdenger and Kumar, 2013; Chen et al., 2020). The pure bundling strategy was widely studied 
several years ago (Prasad et al., 2010; Girju et al., 2013). Recently, there has been increasing interest in the latter one. 
Bhargava (2013) compares the partially mixed bundling strategy with the full one when the products are independent and 
concludes that the difference in the product valuation affects the optimal bundling strategy. Besides, Shao and Li (2019) 
investigate complementary products' partial mixed bundling strategy. They find that the retailer prefers a bundling strategy in 
the context of channel competition. Guo et al. (2021) discuss the optimal bundling strategy for the independent products of 
the retailer platform, with mixed bundling being considered. The above literature focuses on the tangible product. The 
bundling problem of information products is also examined by some scholars, such as Zhang et al. (2016), Banciu et al. 
(2022), and Cao et al. (2022b). However, the product relationships in all the research are independent or complementary, and 
the bundling problem of substituted products is rarely studied. Our paper studies the bundling problem of the TEW and the 
FREW, and a substitution relation exists between them. Unlike Chen et al. (2021), who consider the presence of 
substitutability and complementarity of the tangible product and analyze the optimal bundling strategy in a distribution 
channel, we focus on the bundling problem of service products and incorporate the EW introduction strategy into the bundling 
strategy. Also, we differ with Yuan and Xiao (2022) that explores the bundling strategy of high-end product and low-end 
product and take the interaction of the pricing strategy of the product and EWs into account. Although Zhang and Gao (2021) 
investigate the bundling problem of the product and the EW, our work differs from it in considering the bundling problem of 
various EWs.  
  
In conclusion, our paper studies the new EW introduction and bundling problem considering the substitutability of the FREW 
and the TEW, which is different from previous research, and expands the research fields of EW and bundling problems. Some 
insights we obtained may contribute to operation management. 
3. Problem description and model setup 

We consider a firm that sells a single product and offers a traditional EW. The occurrence of failure of this product follows a 
nonhomogeneous Poisson process with ( )TΛ  as the cumulative failure rate of the product. It also means the expected number 

of failures during the EW period [0, ]T , which is given as 
0

( ) ( )
T

t t dtλΛ =  . Note that, ( )tλ  denote the failure rate of the 

product at time t. Following Jung, Park, and Park (2015) and Liu et al. (2020), we assume that ( )tλ  is a constant, that is, 
( )tλ υ= , which means the failure time for the product follows the exponential distribution with rate υ . The traditional EW 

is a charged service that provides free maintenance service for the product during the EW period. Now, to attract consumers 
who are dissatisfied with the existing EW and improve its competitive edges, the firm considers introducing a new EW, i.e., 
free replacement EW (FREW), that offers limited times free replacement services for the destroyed product during the EW 
period T. The free replacement chances the firm provided is N. Consumers cannot replace their damaged product freely if they 
use up all the replacement chances or the product’s damaged time point is beyond the EW period. However, the sale approach 
of the FREW---separate sale or bundle sale, should be deliberated. If the firm sells this service separately, consumers interested 
in EWs can buy the TEW, the FREW, or both. However, if the firm sells FREW bundling with the TEW, consumers can only 
choose to buy the TEW or the bundled product, including the TEW and the FREW. Then, according to the firm’s EW strategy, 
we consider three cases: the firm only provides the TEW (O); the firm introduces the FREW and sells the TEW and the FREW 
separately (TS); and the firm introduces the FREW and sells it bundled with the TEW (TB). Note that we use superscripts O, 
TS, and TB to represent these three cases O, TS, and TB. Moreover, the demand functions are derived in Section 3.1, and the 
cost structures are presented in Section 3.2. Finally, Section 3.3 presents the firm’s profit models in different cases. 
To clarify our model, we present some notations in Table 1. 
 
Table 1  
The model notation 

Notation Description 
k    The consumer’s perceived value of the per unit EW period 
β  Consumers’ preference for the new extended warranty (FREW) 
δ   Marketing size for the product 
α  The expansion factor of market size caused by introducing the FREW 
T   The EW coverage period set by the firm 
c  The production cost of the product 

ic  The average cost of the TEW ( i A= ) or FREW ( i B= ), or the unit cost of each maintenance ( i m= )or 
replacement ( i r= ) 

EC  The total fixed cost of introducing the new EW (FREW) s 
θ  The cost discount factor due to the substitution of these two EWs 
p  The product price 

ip   The price of the TEW ( i A= ) or FREW ( i B= ) or the bundled services ( i AB= ) 
υ   The failure rate of the product at time t   
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N  The number of free replacement times  
BT  The actual coverage period of the FREW 

RT  The period that consumers perceive their products protected by EWs 

NT  The product’s lifetime at the time of the Nth failure where N times free replacement is allowed 

iD  Total demand for the product ( i P= ), the TEW ( i A= ), the FREW ( i B= ), or the both services ( i AB= ) 
FΠ   The profit of the firm 

 
3.1 The demand functions 
 
In our paper, the product demand is assumed to be linear. The base market size for the product is δ . The demand is determined 
by the product price, which is defined by PD pδ= − . When the firm introduces the new EW (i.e., FREW), considering that 
the variety of extended warranties can attract more consumers to purchase products and improve the sales of the product 
(Hartman & Laksana, 2009; Jindal, 2015; Zhang et al., 2020), the market size becomes αδ , where 1α > . Those consumers 
who purchase products can choose to buy EW or not. According to Li et al. (2012) and Fu et al. (2022), the EW period plays 
a significant role in the consumer utility of the EWs. The longer the EW coverage period is, the higher consumer utility is. 
Thus, we assume that the consumer utility of the EW is linear in the consumer expected coverage period of the EW. The 
consumer perceived value on the per unit EW period k  obeys uniform distribution from 0 to 1. Based on the above description, 
the perceived value for the EW service is RkT , where RT  represents the period that consumers perceive their products under 
the protection of EWs. For TEW, its perceived period RT  is equal to the EW coverage period T set by firm. Thus, its consumer 
perceived EW value is equal to kT .  For FREW, its perceived EW period RT  is related to the number of replacements provided 
by the firm, the product failure rate and the EW period set by firm, which is equal to ( )BE T . Note that, BT  is the actual 
expected warranty of FREW. To explore ( )BE T , we set NT  as the product’s lifetime at the time of the Nth failure where N 
times free replacement is allowed. ( )BE T  is equal to (min{ , })NE T T . According to Hooti et al. (2020) and our analysis, we 
can get the probability function of the actual EW period given by: 
 

1

1
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And the expected EW period is presented as follows: 
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What’s more, due to the attractiveness of the replacement (i.e., owning a totally new product instead of the old, damaged one), 
consumers prefer this new EW, thus, we use β  to represent the consumer preference for the FREW, which is larger than 1. 
Thus, its consumer perceived EW value is equal to ( )BkE T β . For the consumer who own both EWs, the perceived period of 
the EW service is equal to T . Thus, its consumer perceived EW value is equal to kTβ . According to the above analysis, the 
demand functions of three cases are presented as follows.  
 
In case O, the firm sells the product and provides the TEW only. A consumer who already purchases products and decides to 
buy the TEW will obtain utility O

A Au kT p= − . If 0O
Au > , the consumer will purchase this TEW. The base market size of the 

EW is equal to the product demand. So, the 1 /Ap T− of product owners will purchase EW. The demand functions of the 
product and TEW are presented as follows: 
 

O
PD pδ= −  (1) 

( )(1 / )O
A AD p p Tδ= − −  (2) 

 
In the case of TS, the firm introduces the new EW. Consumers who purchase products can buy nothing, TEW, FREW, or both 
EWs. A consumer can obtain the utility TS

A Au kT p= −  from buying TEW, the utility ( )TS
B B Bu kE T pβ= −  from buying FREW, 

and the utility TS
AB B Au kT p pβ= − −  from buying two EWs. It is because if consumers purchase both EWs, they not only can 

experience the free replacement services but also their product can be protected by EW during [0, ]T . Consumers with utilities 
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satisfying max{ , , 0}TS TS TS
A B ABu u u≥  will purchase TEW only, that is, / ( ) / ( ( ) )A B A Bp T k p p E T Tβ≤ < − −  . Those with 

max{ , , 0}TS TS TS
B A ABu u u≥ will purchase FREW only, that is, ( ) / ( ( ) ) / ( ( ( )))B A B A Bp p E T T k p T E Tβ β− − ≤ < − . Besides, those 

consumers with max{ , ,0}TS TS TS
AB A Bu u u≥   will purchase both extended warranties, that is, / ( ( ( ))) 1A Bp T E T kβ − ≤ ≤  . 

Therefore, the demands for the product and both EWs are given as follows: 
 

TS
PD pαδ= −  (3) 

2 2

2

( ) ( ) ( ) (
)

( ( )( ) ( ( )
( )) )( ) / (( )

)
( ) ( ( ))

TS
A B B A B B B

A B A B B

T T T T T
T p

D E T E T p p E T E T
p p p E T E TT T T

β
β αδ β β

− − − + − + +

−

=

+ − − −
 

(4) 

( )( ( ) ) / ( ( ) )TS
B B A B BD p E T T p p E T Tδα β β= − − + − −  (5) 

  
In the case of TB, the firm not only introduces the new EW, but also sells this service by bundling it up with the TEW. At that 
time, the consumer can choose the TEW or the bundle which includes TEW and FREW. Analogously, the consumer can obtain 
the utility TB

A Au kT p= −   from purchasing TEW, and the utility TB
AB ABu kT pβ= −   from purchasing the bundle. When 

max{ ,0}TB TB
A ABu u≥ , that is, / ( ) / ( ( 1))A AB Ap T k p p T β≤ < − − , the consumer prefers TEW. When max{ ,0}TB TB

AB Au u≥ , that is, 
( ) / ( ( 1)) 1AB Ap p T kβ− − ≤ ≤ , the consumer prefers the bundle. Thus, the demands for the product and both EWs are given 
as follows: 
 

TB
PD pαδ= −  (6) 

( )( ) / ( ( 1))TB
A A ABD p p p Tδα β β= − − −  (7) 

( )( ( 1) ) / ( ( 1))TB
AB AB AD p T p p Tδα β β= − − − + −  (8) 

  
Note that, based on the reality that the free replacement has limited attractiveness, and to ensure the demand for both services, 
we assume ( )B B/ E(T ),T/ (T E(T ))Tβ ∈ − .  
 
3.2 The cost structures 
 
The above analysis shows us that the number of product failures obeys HPP with rate

0
(t)

T
dt Tυ υΛ = = . Thus, the expected 

failure number in the EW period [0, ]T  is Tυ . When the firm provides the TEW, each maintenance of the damaged product 
during the EW period will incur the firm’s cost mc . The average maintenance cost per unit service sold is A mc c Tυ= .  When 
the firm decides to introduce the FREW, it should bear the cost EC  of introducing the new EW and the cost per replacement 

rc . The unit cost of the FREW Bc  is the per replacement cost multiplied by the expected value of the free replacement times 
( )E N , that is, ( )rc E N . The expected free replacement times ( )E N  is derived as follows: 

1

0 0

( ) { ( ) i} { ( ) }

( ) /( 1)! (1 ( ) / !)

N

i
N N

i T i T

i i

E N iP n T NP n T N

T e i N T e iλ λυ υ

=

− −

= =

= = + >

= − + −



      
 

If the consumers own both extended warranties, they can choose to maintain or replace their damaged products, and the firm 
can save some cost. Due to the cost savings and the attractiveness of the free replacement, the unit cost of providing two EWs 
for one consumer is ( )m rc T c E Nθ υ + , where the cost-saving factor is defined by θ .  
 
3.3 Profit models 
 
In our paper, the product and the EWs are provided and sold by the firm. The firm considers what services to sell and makes 
pricing decisions on the product and services. Firstly, the firm should decide whether to introduce FREW for its product in 
view of its benefit and cost. Then, if the firm provides the FREW, how to sell the service, that is, bundle sale or sold separately, 
should be thought over. After that, it should make prices for both the product and services.  
According to the proposed problem, we could present the profit functions in the cases of O, TS, and TB, respectively. 
In the case of O, the profit function of the firm is presented as follows: 
 

( , ) ( ) ( )O O O
F A P A A Ap p p c D D p cΠ = − + −  (9) 

 
In the case of TS, the profit function of the firm is presented as follows: 
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( , , ) ( ) ( ) ( ) ( )TS TS TS TS TS
F A B P A A A B B B AB A B B A Ep p p p c D D p c D p c D p p c c CθΠ = − + − + − + + − − −   (10) 

 
In the case of TB, the profit function of the firm is presented as follows: 
 

( , , ) ( ) ( ) ( )TB TB TB TB
F A AB P A A A AB AB A B Ep p p p c D D p c D p c c CθΠ = − + − + − − −  (11) 

4. Equilibrium analysis 

In this section, we show the optimal decisions of the three cases in Table 2. What’s more, we will answer the issues raised in 
our paper---Should the firm provide the FREW for the consumers? If it does, how should it sell the service---bundled or sold 
separately? Also, we will explore the effect of some factors on the firm’s strategies. First, we follow of interest the service 
selection strategy. 
 
Table 2  
The optimal solutions of base model 

Case The optimal solutions 
Case O 2* ( 1) / 8 / 2 / 2m

Op c T cυ δ− += − + .  
* ( 1) / 2O

A mp c Tυ= + . 
Case TS 2 2 4 2 2 2

2 2

3

3 2 2

* ( ) ( ( )) 4(( 1 / 2 / 4 ( 1/ 2) )
((1 / 4 / 4 ( 1/ 2) ) ( ) ( ) / 2 ) (

( ) / 2 ) ( ) ( ( )) ( ) 4(( 3 / 4 ( 1/ 2 )
) ((1 / 2 1/ 4) ( ) ( ) /

(

)

B B m m

m

m

T

m B r

r B B B

m m B

S

m r

E T T E T c c T
c c E T E N c c T

E N c c E T T E T E

p

T
c T c c E T c c E N

β υ υ θ
υ υ θ αδ αδ

β υ θ
θ υ θ υ υ

− − − − + −

+ + − − + + + −

+ + − + − + − +

+ − +

=

−
2 2 2

2 2 2 2 2

3 2 2 2

2

2 ( )
/ 2 ) ((1/ 2 ( ) 2 ( ) 2 ) ( ) ( )

/4) ( ) ( ) / 4)( ( )) 2(( 1/ 2 ( 1/ 2 )
) ((1 / 2 ( 2 1) / 2 ) ( ) ( ) 2

( ) 2 ) (( ( ) (

r m r r B r

r B B m

m m m B m r

r m r

E N
c c T c c E N E N c c E T E N c

T E N c E T T E T c
c T c c E T c c E N
E N c c T E N c c E N

αδ
υ αδ

β υ θ
υ υ θ θ υ υ αδ

υ

+ +

+ + − − − +

− − − − + − +

− + − + − + + −

− − + − + 2

2 2 2 4 2 2 2 8 (( )
)( )( ))

) 2 2 ) ( ) ( )
/ 2) ( ) ( ) / 2) ) / ( ( )

( ) ( )

B

r r B m B

B B

cr c E T E N
c T E N c E T T T c T E T

E T E
T

TT T T

αδ
β υ βθ β β

β
−+

+ −

+

+ −
−

+ −

  

*
B B(( 2)( (T ))   ) / (2( (T ))   2 )TS

A m mp c T E Tc T T E Tυ β υθ β= + − + − +   
2 2

2 2

* (( 1 ( 1) ) ( )
) /)

( ) ( ) (
)

) 
(  ( ) ( ) ((2 2) 2 ( )

m r r

r

TS
B B

B B B

c T c cp E N E T E N
E N T

T
cE E T E TT
θ υβ β β

β β β β
− + − + + +

− −

=

+ −
  

Case TB * 2 2 2 2

2 2

(( ( 2 1) (2 ( 2) ) ) ((2 4
4 )

( )
( ) ( ) () 2 ( 1) 4 2 4 ) ) / (8 () 1)

m m m m
B

r

r rm

T

r

p c c c c E N
E N c E N E N

T c
c c c c T c T

θ θ θ αβ υ υ
υ

δ
θ α

β υ
β βδ

υ= − + − + + − + − + +

+ − − − − − − −
 

* ( 1) / 2TB
A mp c Tυ= +   

* (   ( )) / 2TB
AB m rp c T T c E Nθ υ β= + +  

 

4.1 The optimal EW strategy 

Proposition 1. The size relationships between the product price of the three models are presented as follows: 
 
(a) When θ θ>  and m mc c>  , if α α ′′< , we have * * *TS TB Op p p< < ; if α α α′′ ′< < , we have * * *TS O TBp p p< < ; if α α′ < , 
we have * * *O TS TBp p p< < . 
(b) otherwise, if α α ′<  , we have * * *TB TS Op p p< <  ; if α α α′ ′′< <  , we have * * *TB O TSp p p< <  ; if α α ′′>  , we have

* * *O TB TSp p p< < . 
 
Proposition 1 (a) states that if the cost discount is relatively low and the unit maintenance cost of TEW is relatively high, 
usually when the expansion factor of market size is relatively low, the product price in case TS is the lowest and that in case 
O is highest. With the increase of the expansion factor, the product price in Case TB is the highest. Eventually, the product 
price in case O is the lowest. Owing to the high maintenance cost and the low discount, the firm in case TB is more willing to 
set a high product price than in case TS, which can select high-quality customers, increases the margin profit from the product 
and reduces the potential EW market to control the cost incurred by providing TEW. Moreover, with the increase of the 
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expansion factor, the product in case TB or TS is more attractive, leading to a larger increase in product price in these two 
cases than in case O. 
 
Proposition 1 (b) shows that when the unit maintenance cost is relatively low or the cost discount in TEW is relatively high, 
if the expansion factor of market size is relatively low, the product price in case TB is still the lowest. The low maintenance 
cost and the high discount motivate the firm to expand the base EW market size. Once this discount factor is above a threshold, 
the product price in case TB would be higher than in case O due to the enormous potential product market size. Besides, as 
the expansion factor increases, the product price in case O is the lowest for the same reason. Significantly, under any situation, 
if the expansion factor of the product size caused by the FREW is low, the product price in case O should be the highest, 
which can help the firm control the EW cost. If the benefits of introducing FREW to the product market size are great enough, 
the firm is encouraged to set a higher product price regardless of whether the maintenance cost is high. 
 
Proposition 2. The size relationships between the price of EW services are given as follows: 
 
(a) * * *O TB TS

A A Ap p p= > ; 
(b) * * *TB TS TS

AB A Bp p p> + . 
Proposition 2 (a) shows that the price of TEW, which is the same in cases O and TB, is higher than in case TS. If the FREW 
is introduced and sold separately, the competition leads to the lower price of TEW in case TS, and the relatively high price of 
service A (TEW) entices consumers to purchase the bundled package in case TB. It is an interesting story presented in 
Proposition 2 (b) that the optimal price of the bundled product will be higher than the sum of both EWs’ prices in case TS. 
Because, in the case of TB, those consumers whom FREW attracts can bear the higher bundle service price due to the high 
price of its competitors. In case TS, the competition between the TEW and the FREW lowers the EWs price. Thus, the bundle 
service price is higher than the sum of both EWs in case TS. 
 
Proposition 3. The product demands under three cases meet the following rules: 
 
(a) when θ θ>   and m mc c>  , we still have * * *O TB TS

p p pD D D< < ; 

(b) otherwise, if α α<  ,we have * * *TS O TB
p p pD D D< < ; if α α>  , we have * * *O TS TB

p p pD D D< < . 
Proposition 3 (a) shows that when the cost discount is relatively low and the unit maintenance cost is relatively high, the 
product demand in case TS is still the highest, while that in case O is the lowest. From Proposition 1, we know that when the 
expansion factor is relatively small, the product price plays a vital role in the product demand. With the increase of the 
expansion factor, despite the product price increases, the benefit of the FREW in the potential market size can make up for 
these losses. Thus, the product demand in case O is the lowest. 
 
Proposition 3 (b) shows that if the saving effect on the TEW cost of the FREW is high or the maintenance cost of the TEW is 
relatively low, the product demand in case TB is still the highest for its lowest product price among the three cases. As for the 
size relationship of product demands in cases O and TS, it is affected by the expansion factor. Like Proposition 3 (a), product 
demand is affected by the expansion effect on the product market size and the product prices. 
Proposition 3 implies that even if the product price is high, the expansion effect of the FREW on the product market size is 
high enough, the product demand in case TB and TS would still be higher than in case O. 
 
Proposition 4. The relationships between the proportion of the different EWs in a potential market of EW under three cases 
are given as follows: 
 
(a) When ˆm mc c<  , we have, * * * * * * * *( ) / / ( ) /TS TS TS O O TB TB TB

A AB P A P A AB PD D D D D D D D+ > = +  ; otherwise, we have
* * * * * * * */ ( ) / ( ) /O O TB TB TB TS TS TS

A P A AB P A AB PD D D D D D D D= + > + ; 
(b) when ˆm mc c< , we have * * * * *( ) / /TS TS TS TB TB

B AB P AB PD D D D D+ < ; otherwise, we have * * * * *( ) / /TS TS TS TB TB
B AB P AB PD D D D D+ > . 

 
According to Proposition 4, when the unit maintenance cost is relatively low, the proportion of TEW owners in case TS is 
higher than that in case O and TB, caused by the low price of TEW in case TS. This means that the proportion of FREW in 
case TS is lower. With the maintenance cost increase, the proportion of TEW owners in case TS decreases, owing to the shift 
of consumer choice from TEW to FREW.  
 
Proposition 4 implies that the cost of the TEW will affect consumer structure, but the base market of the EW (i.e., the product 
demand) influences the actual EW demand. Combined with Proposition 3, when the maintenance cost is relatively low, the 
firm in case TB is more willing to reduce the product price to promote the demand for service A (TEW), which has a high unit 
profit. In contrast, when the maintenance cost is high, the lower margin profit of both EWs in case TS encourages the firm to 
promote the base EW market. Thus, the product price is also an effective way for the firm to control the EWs market. 
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Theorem 1. The optimal new EW introduction strategy is presented as follows: 
 
(a) When α α>  , and E EC C ′< , we have * *TS O

F FΠ > Π ; otherwise, we have * *TS O
F FΠ < Π ； 

(b) When E EC C ′′< , we have * *TB O
F FΠ > Π ; otherwise, we have * *TB O

F FΠ < Π . 
 
Theorem 1 (a) shows that only when the expansion factor of market size caused by the FREW is larger than a threshold and 
the total fixed cost of providing the FREW is relatively small, the firm will introduce the FREW; otherwise, the firm prefers 
not to develop the new service. Due to the encroachment and the relatively high cost of the new service, the firm’s profit may 
fall. Suppose the expansion of market size is large enough, which means the potential market for extended warranties expands. 
In that case, the firm can profit more from introducing the FREW, which sells separately. Besides, the development cost of 
the FREW should be considered. If the new service burdens the firm and depresses its profit, there is no reason to introduce 
it. 
 
Theorem 1 (b) shows that only when the development cost of the FREW is lower than a threshold, will the firm provide the 
FREW through bundling with the TEW. When the FREW is sold as a bundle, which will reduce the total maintenance cost of 
TEW and increase product and EWs demand, the firm will introduce the FREW that bundle with the TEW if the development 
cost can be borne. 
 
Theorem 1 implies that the firm selling new EW separately should care about the expansion effect brought by this service, 
although the development cost is low. But if the firm adopts a bundle strategy, it only needs to trade off the development costs 
and profits. 
 
Theorem 2. The optimal sale method of the FREW is presented as follows: 
(a) When θ θ<  , there still exists * *TS TB

F FΠ < Π ; 
(b) otherwise, if m mc c<  , there exists * *TS TB

F FΠ < Π , if m mc c>  , there exists * *TS TB
F FΠ > Π . 

 
According to Theorem 2(a), we can know that when the cost discount of the TEW due to some consumers who own both 
TEW and FREW is relatively small, the firm’s profit will be higher in case TB than that in case TS. It is because that the 
product demand (i.e., the EW base market) is larger and the prices of both EWs are higher in case TB. 
 
As for Theorem 2 (b), it shows that except that the cost discount is considerable, usually, when the unit maintenance cost is 
relatively high, the firm is more willing to sell the FREW separately; when the unit maintenance cost is relatively low, the 
firm prefers to sell the bundled service. Because if the maintenance cost is high, a higher percentage of product owners will 
buy FREWs and a lower percentage will buy TEWs that can bring limited profit in case TS, as shown in Proposition 4. Also, 
the base market size of EW is larger at the same time. Thus, the firm’s profit in this case is higher. If the maintenance cost is 
relatively small, the higher unit EW profit encourages the firm to adopt the bundle strategy. 
 
Theorem 2 implies that when the firm selects the sale method of the FREW, it should consider the maintenance cost if the 
new services cannot bring good benefits.  
 
Lemma 1. The optimal EW strategy of the firm can be concluded as follows: 
 
(a) When θ θ<  , if E EC C ′′< , TB outperforms both TS and O; otherwise, O outperforms both TB and TS. 

(b) when θ θ>   and m mc c<  , if E EC C ′′< , TB outperforms both TS and O; otherwise, O outperforms both TB and TS. 

(c) when θ θ>   and m mc c>  , if E EC C ′< , TS outperforms both TB and O; otherwise, O outperforms both TB and TS. 
 
Lemma 1 states that when the cost discount caused by the substitutability of these two EWs creates a suitable environment 
for the bundled EW, we only should care about the development cost of this service. Otherwise, the optimal EW strategy is 
related to the unit maintenance cost of TEW and the development cost of the FREW. In any case, if the development cost is 
too high, the firm has better maintain the status quo.  
 

To present this Lemma clearly, we do some numerical examples. Firstly, we set 0.6T =  , 1N =  , 0.15ν =  , 2β =  , and 
1.2α =  for the first and second examples. But in the first one, we set 1δ = , 0.8c = , 0.1θ = , 0.7rc =  and increase mc  from 

0 to 0.8. In the second one, 3δ = , 2.5c = , 0.95θ = , 2rc = are set and mc  increases from 0 to 2.5. The results are shown in 
Figure 1 and Figure 2, respectively.                             
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Fig. 1. The effect of mc  and EC (θ θ<  ) Fig. 2. The effect of mc  and EC  (θ θ>  ) 

 
Fig. 1 shows a special situation that the cost discount is high, at that time the firm develops a strategy based on the fixed cost 

EC  and always bundles FREW. Fig. 2 shows that except EC , mc  needs to be considered when making EW strategy if the cost 
discount is low. These figures verify our conclusion in Lemma 1. 
 
Proposition 5. The effect of the unit replacement costs on the sales method selection is given as follows: / 0m rc c∂ ∂ >   
Proposition 5 shows that as the unit replacement costs increase, the firm is more likely to sell the EW package. Because if the 
unit replacement cost is relatively high, the profit from selling the FREW separately is limited, the firm prefers to sell the 
bundled product, which can bring more profit due to the higher bundled product price shown in Proposition 2.  
Beyond question, the number of free replacement times and the product failure rate play a major role in the firm’s EW 
strategies. We will explore the impact of these factors in the next section. 

4.2 The influences of the number of free replacement times and the product failure rate 

In this section, we will do some numerical examples to explore how the number of free replacement times and product failure 
rate affect the firm’s EW strategies.  
 
Proposition 6. The effect of T ,υ , and N on the expected EW coverage period and the average replacement times during the 
EW period are given as follows: 
 
(a) B(T ) / 0E υ∂ ∂ < , B(T ) / 0E N∂ ∂ > , B(T ) / 0E T∂ ∂ > ; 
(b) ( ) / 0E N υ∂ ∂ > , ( ) / 0E N N∂ ∂ > , ( ) / 0E N T∂ ∂ > . 
 
According to Proposition 6, we can know that the expected EW coverage period and the average replacement times increase 
with the number of free replacement times or the EW coverage period. But as the failure rate increases, the expected EW 
period decreases, and the average replacement times increases. Thus, the high quality of the product positively impacts cost-
saving and consumer-perceived value.  
 
Proposition 7. The effect of υ  and N on the optimal decisions are presented as follows: 
 
(a) * / 0O

Ap υ∂ ∂ > , * / 0TS
Ap υ∂ ∂ > , * / 0TB

Ap υ∂ ∂ > , * / 0TB
ABp υ∂ ∂ > ; 

(b) * / 0TS
Ap N∂ ∂ < , * / 0TB

ABp N∂ ∂ > . 
 
Proposition 7 shows that the optimal prices of service A(TEW) in all three cases still increase with the failure rate for the high 
maintenance cost. Besides, the optimal bundled EW price increases with the failure rate for the same reason. Moreover, the 
increase of N  has a positive effect on the optimal bundled EW price, a negative effect on the optimal TEW price in case TS, 
and no effect on the optimal TEW price in case TB. The firm would pay more replacement costs if N  increases. So in case 
TS, the firm will set a relatively low price for the TEW so as to encourage customers to purchase it. In case TB, the consumer 
who wants to purchase FREW should fully bear its high cost. However, what are these two factors’ effects on the optimal 
price of the FREW in case TS? 
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Fig. 3. The effects of υ  and N  on *TS

Bp  (base) Fig. 4. The effects of υ  and N  on *TS
Bp  ( 3 / 20mc = ) 

 
Fig. 5. The effects of υ  and N  on *TS

Bp ( 1 / 5mc = ) Fig. 6. The effects of υ  and N  on *TS
Bp    ( 3β = ) 

  
Fig. 7. The effects of υ  and N  on *TS

Bp    ( 0.6T = ) Fig. 8. The effects of υ  and N  on *TS
Bp ( 0.8θ = ) 

 
To investigate it, we do some numerical examples. Firstly, we set 0.8T = , 0.6θ = , 2β = , 0.1mc = , and 0.15rc = . In the 
second example, we set 0.8T = , 0.6θ = , 2β = , 0.15mc = , and 0.15rc = . We set 0.8T = , 0.6θ = , 2β = , 0.2mc = , and 

0.15rc = in the third examples. In the fourth one, we set 0.8T = , 0.6θ = , 3β = , 0.1mc = , and 0.15rc = . Next, we set 
0.6T =  , 0.6θ =  , 2β =  , 0.1mc =  , and 0.15rc =  . Finally, 0.8T =  , 0.8θ =  , 2β =  , 0.1mc =  , and 0.15rc =   Based on the 

reality, we vary υ  from 0.5 to 10, and vary N  from 1 to 10 for all above examples, the results of the effects of υ  and N  on 
*TS

Bp are shown in Figs. 3-8. From the above numerical examples, we know that when N  is close to Tυ , the price of the 
FREW will be the highest. Whether the number of free replacement times is too high or too low, the price of the FREW will 
be low. It is because the FREW price is mainly related to its cost and its consumer-perceived value. The relatively high N  
can attract more consumers to purchase the FREW. Once the FREW cost can be covered, the firm would prefer to promote 
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this service demand. From Figs. 3-8, the highest *TS
Bp appears when N  is close to Tυ , which proves the above inferences. 

Therefore, the firm is advised to set an appropriate N  to increase profit. To observe the effects of υ   and N  on the sales 
methods of the EWs, we also present some numerical examples. Firstly, we set 0.8T = , 0.6θ = , 2β = , 1N = , and 0.15rc =  
in Fig. 9 (a). To ensure the existence of the optimal solutions, we vary υ  from 0.1 to 2. Then, we set 0.8T = , 0.6θ = , 2β = ,

2N = , 0.15rc = in Fig. 9 (b) and vary υ  from 0.1 to 5. In next examples, we set 0.8T = , 0.6θ = , 2β = , 3N = , 0.15rc =  
and vary υ  from 0.1 to 8. The result is shown in Fig. 9 (c). At last, in Fig. 9 (d), we set 0.8T = , 0.6θ = , 2β = , 4N = , 

0.15rc = and vary υ  from 0.1 to 10. All results are shown in Fig. 9. Then, we explore the impact of the N on the mc . In Fig. 
10 (a), we set 0.8T = , 0.6θ = , 2β = , 1υ = , and 0.15rc = . Then, we set 0.8T = , 0.6θ = , 2β = , 5υ = , and 0.15rc =  
in Fig. 10 (b). In the last one is presented in Fig. 10 (c), we set 0.8T = , 0.6θ = , 2β = , 10υ = , and 0.15rc = . In all above 
numerical examples, we vary N  from 1 to 10. Fig. 10 is presented as follows. 
 

  
Fig. 9. The effect of υ  on the mc  Fig. 10. The effect of N  on the mc  

 
The above figures illustrate that when N  is low, the firm is more likely to sell EWs separately as υ  increases. But if N is 
high, with the increase of υ , mc  increases first, and then goes down. Because when υ  is lower than a threshold, which is 
close to /N T   the firm can save EW cost by bundling strategy. Once it exceeds this threshold, selling EWs separately can 
avoid high maintenance cost from TEW. Focusing on the effect of N on mc , the firm’s willingness to the bundling sale rises 
at first and then drops as the failure rate grows. The more replacement times offered by the firm will contribute to the consumer 
demand for the FREW, while bringing more costs to the firm. If the FREW can bring considerable profits, the firm is more 
willing to sell it separately. 
 
In general, the number of free replacement times and the failure rate of the product should be deliberated, which are critical 
factors in sales method selection. What’s more, the optimal N  will be different in different cases. 

5. Extension 

5.1 Considering the two-tier supply chain 
 
In reality, there exists a lot of e-retailers who purchase the products from the manufacturers and provide the EW by themselves, 
such as JD, Amazon, and Suning (Amazon.com, 2022; JD.com, 2022; Suning.com, 2022). They play important roles in the e-
commerce context (Ozbilge et al., 2022; Shi et al., 2023) and always provided a variety of EWs, including FREW, TEW, and 
other EWs. Besides, it’s common for them to sell package EWs. Thus, we consider the two-tier supply chain consisting of a 
manufacturer and a retailer in this section. The retailer purchases products from the manufacturer and sells the product and 
the EWs. Except for the profit function, other settings are like the basic model. Note that, the wholesale price in this paper is 
defined as w , then we use SO, STS, and STB to represent the O, TS, and TB of the basic model, respectively. 
In case SO, the manufacturer and the retailer’s profit functions are presented as follows: 

( )SO SO
M pw c DΠ = −  (12) 
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( ) ( )SO SO SO
R P A A Ap c D D p cΠ = − + −  (13) 

 
In case STS, the manufacturer and the retailer’s profit functions are presented as follows: 
 

( )STS STS
M pw c DΠ = −  (14) 

( ) ( ) ( ) ( )STS STS STS STS STS
R P A A A B B B AB A B B A Ep w D D p c D p c D p p c c CθΠ = − + − + − + + − − −  (15) 

 
In case STB, the manufacturer and the retailer’s profit functions are presented as follows: 
 

( )STB STB
M pw c DΠ = −  (16) 

( ) ( ) ( )STB STB STB STB
R P A A A AB AB A B Ep w D D p c D p c c CθΠ = − + − + − − −  (17) 

  
The optimal solutions are given in Appendix. 
 
Theorem 3. The optimal EW strategy of the retailer in the supply chain case is presented as follows: 
(a) When α α>  , and / 4E EC C ′< , we have * *STS SO

R RΠ > Π ; otherwise, we have * *STS SO
R RΠ < Π ； 

(b) When / 4E EC C ′′< , we have * *STB SO
R RΠ > Π ; otherwise, we have * *STB SO

R RΠ < Π . 
Like Theorem 1, only when the expansion factor is relatively high, and the development cost is relatively low, the retailer will 
introduce FREW, sell it separately. What’s more, if the retailer chooses to sell the EW package, its decision is affected solely 
by the development cost. If the development cost is relatively low, the retailer prefers to sell the bundled EW. Theorem 3 
implies that the optimal EW development strategies are still held considering the two-tier supply chain.  
 
Theorem 4. The optimal sales method of the FREW in the supply chain case is presented as follows: 
(a) When θ θ<  , there still exists * *STS STB

R RΠ < Π ; 
(b) otherwise, if m mc c<  , there exists * *STS STB

R RΠ < Π , if m mc c>  , there exists * *STS STB
R RΠ > Π . 

Theorem 4 shows that the optimal EW sale methods are related to the unit cost of the TEW. But if the firm can gain more 
benefit from the consumers who own the EW package, it will still prefer to sell the bundled EW rather than sell the FREW 
separately. With the two-tier supply chain to consider, the optimal EW sale methods are still hold. 
  
Lemma 2. The optimal EW strategy of the retailer in the supply chain case can be concluded as follows: 
(a) When θ θ<  , if / 4E EC C ′′< , STB outperforms both STS and SO; otherwise, SO outperforms both STB and STS. 

(b) whenθ θ>   and m mc c<  , if / 4E EC C ′′< , STB outperforms both STS and SO; otherwise, SO outperforms both STB and 
STS. 
(c) when θ θ>   and m mc c>  , if / 4E EC C ′< , STS outperforms both STB and SO; otherwise, SO outperforms both STB and 
STS. 
Lemma 2 holds similar results to Lemma 1. To avoid repetition, we do not say too much. 
 
5.2 Considering the corporate social responsibility (CSR) 
In this section, we want to explore the firm’s EWs strategy considering that the firm takes corporate social responsibility (CSR) 
into consideration. According to Iyer and Soberman (2016), we set that the utility of the firm FU  is equal to F CSηΠ + , and 
the profit functions are similar to those in the basic model. Note that, the coefficient of the CSR is denoted by η . Moreover, 
we assume that ( )0,1η ∈ , because the firm is not the perfect social welfare maximizer. What’s more, we use RO, RTS, and 
RTB to represent the O, TS, and TB of the basic model, respectively. 
 
In case RO, the consumer surplus and the utility of the firm can be presented as follows: 
 

2 2

1

/

( ) / 2 (( )( ) ) / (2 )

RO
p A

RO RO RO RO RO RO
P EW P P AD p T

A

C d

p

S CS CS D dp D u

p T

k

p T

δ

δ

δ δ
−

+

= +

= −

=

−

+

−

 
                

 
(18) 

1

/
( ) ( ) ( )

RO
p A

RO RO RO
F F

RO RO RO RO RO
P A A A P P AD p T

U CS

p c D D p c D dp D u dk
δ

δ

η

η
−

= Π +

= − + − + + 
 

(19) 
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In case RTS, the consumer surplus and the utility of the firm can be presented as follows: 
 

2( ) / 2
RTS
p

RTS RTS
P PD

CS D d pp
δα

δα
αδ

−
−= =  (20) 

1 / ( ( )) ( )/ ( ( ) )

/ ( ( )) ( ) /( ( ) ) /

2 2

2

( )((( ( ) ) ) / (2 ( ) ) (((
) ) ( ) )( ((

(

(

)

) 2
( )

A B B A B

A B B A B A

p T E T p p E T TRTS RTS RTS RTS RTS
EW P AB B Ap T E T p p E T T p T

A B B A

B A B B A B A B

B

B

CS D u dk u dk u dk

p
E

p E T T p
p p

p E T T T
p p p p p pT T T

β β

β β

αδ β
β

β
β β

− − −

− − −

− − + +

− − +

−

− +

= + +

=

+ +

  

2 2 2

2

) ) / 2
( / 2)) / ( ( ) ( ) ) (( ( ( ))

( 2 ) 2 ( )( ))( ( ) )) / (2 ( ) ))

( )
( ) ( ) ( )

( ) ( )

B

B A B B B

A B A B B A B

B

B

E T
E T p p E T E T T

p p p p E T p

T

E T
T T T T E

T E T T T
β β β β

β β

+

+ − − + − +

− − + + − − −

 

 
 
 

(21) 

( ) ( ) ( ) ( ) ( )

RTS RTS RTS
F F

RTS RTS RTS RTS RTS RTS
P A A A B B B AB A B B A E P EW

U CS
p c D D p c D p c D p p c c C CS CS

η
θ η

= Π +

= − + − + − + + − − − + +
 

(22) 

 
In case RTB, the consumer surplus and the utility of the firm can be presented as follows: 
 

2( ) / 2
RTB
p

RTB RTB
P PD

CS D d pp
δα

δα
αδ

−
−= =  (23) 

/

2 2 2

1 ( ) ( ( 1))

( )/ ( ( ) /

2

1 )

(( ( 2 ) 2 ( / 2))( )) / (2 ( 1))

( )B A

B A A

p p TRTB RTB RTB RTB
EW P AB Ap p T p T

AB A AB A AB

C

pT T pT

S D u dk u dk

p T p Tp p

β

β

β β αδ β

− −

− −

+ − − + + +

=

−

+

− −=

 
    

 
(24) 

(( ) ( ) ( ) ( )

RTB RTB RTB
F F

RTB RTB RTB RTB RTB
P A A A AB AB A B E P EW

U CS
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(25) 

 
The optimal solutions are given in Appendix. 
 
Theorem 5. The optimal EW strategy of the firm in the CSR case is presented as follows: 
(a) When Rα α>  , and R

E EC C ′< , we have * *RTS RO
F FU U> ; otherwise, we have * *RTS RO

F FU U< ; 

(b) When R
E EC C ′′< , we have * *RTB RO

F FΠ > Π ; otherwise, we have * *RTB RO
F FU U< . 

Theorem 5 shows similar conclusions to the basic model, which means that when the CSR is taken into consideration, the 
optimal EW introduction strategy still holds. 
 
Theorem 6. The optimal sale method of the FREW in the CSR case is presented as follows: 
(a) When θ θ<  , there still exists * *RTS RTB

F FU U< ; 
(b) otherwise, if R

m mc c<  , there exists * *RTS RTB
F FU U< , if R

m mc c>  , there exists * *RTS RTB
F FU U> . 

(c) / 0R
mc η∂ ∂ < . 

From Theorem 6, we can know that when CSR is considered, the optimal EW sales method derived from the basic model is 
still valid. What’s more, with the increase of the coefficient of the CSR, the firm is more likely to sell the FREW separately. 
According to Proposition 2, we can know normally the price of the bundled EWs in case TB is larger than the sum of the 
prices of the TEW and FREW in case TS. Hence, the more social responsibility the firm takes, the more benefit of consumers 
should be considered which lead to the above result. 
 
Lemma 3. The optimal EW strategy of the firm in the CSR case can be concluded as follows: 
(a) When θ θ<  , if R

E EC C ′′< , RTB outperforms both RTS and RO; otherwise, RO outperforms both RTB and RTS. 

(b) whenθ θ>  and R
m mc c<  , if R

E EC C ′′< , RTB outperforms both RTS and RO; otherwise, RO outperforms both RTB and 
RTS. 
(c) whenθ θ>  and R

m mc c>  , if R
E EC C ′< , RTS outperforms both RTB and RO; otherwise, RO outperforms both RTB and 

RTS. 
Lemma 3 holds similar results to Lemma 1. To avoid repetition, we do not say too much. 

6. Conclusion 

In the context of consumption upgrading and diversity, to cater to the consumers and obtain more profits, firms have begun 
to develop various EWs. As a new EW, the FREW is widespread nowadays and more attractive than the TEW, but it may 
burden firms. Considering the limited resources of firms and the cannibalism effect of the FREW, the firms face the challenge 
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of whether to introduce this new EW, that is, the FREW. Meanwhile, bundling sales, a popular sales method, significantly 
affects product demands and profits. However, whether to adopt this bundling method for EWs should be deliberate.   
Our paper examines the introduction and bundling problems of EWs by constructing three theoretical models that consider 
the product failure obeys HPP and then concludes with a pairwise comparison of profits under different models. Some 
significant insights about whether to introduce and how to sell the FREW are presented as follows. 
 
The optimal introduction strategy: Normally, the introduction strategy of the FREW is related to its development cost. But 
when the expansion factor of market size caused by the FREW is not high enough, even if the development cost is relatively 
low, the firm should not sell the FREW separately. Moreover, when the development cost is too high, it is suggested to provide 
TEW only. 
 
The optimal sales method of the FREW: If the firm decides to introduce the FREW, the better sales method is mainly 
affected by the unit maintenance cost of the TEW and the cost-saving effect of the FREW. Usually, when the unit maintenance 
cost is relatively high, the FREW is better to be sold separately. It is noteworthy that if the cost-saving effect of the FREW are 
great enough, the bundling sales strategy is still the better method. Besides, the number of free replacement times and the 
product failure rate contribute to the possibility of adapting different sales methods.  
 
The optimal decisions: If the incentive function in the product market is relatively large, the product price after introducing 
FREW will be higher. The size relationship of the product price under different EW sales methods depends on the unit 
maintenance cost and the cost discount factor caused by the FREW. For the prices of different EW services, the price of the 
TEW in case TS is lower than those in other cases. What’s more, the firm can set a higher price for the bundled EW than the 
sum of the TEW and the FREW’s price in case TS. 
 
Given the significance of new EWs and the popularity of bundling sales, the bundling problem in the EW area deserves further 
research attention. There are several directions for further exploration. The EW may attract consumers who are risk aversion. 
It’s worthwhile to consider consumer risk aversion in the consumer utility. Moreover, consumers will return their unsatisfied 
products, thus it will be interesting to explore the introduction and bundling strategies of new EWs with considering consumer 
returns (Cao and Choi, 2022). Besides, we assume that there is only one product in the market. The results may be different 
if there exists competition in the product market. Finally, our paper studies the introduction and sales methods strategy of the 
free replacement EW. There are other new EWs in the market, such as accident protection insurance and trade-in warranty. It 
would be promising to explore the bundling problem of other EWs. 

Acknowledgements  

This research is partly supported by the National Natural Science Foundation of China (Grant Nos. 72061024; 72371085), 
and the Hainan Provincial Natural Science Foundation of China (Grant Nos. 723MS025; 724YXQN418). 
References 

Amazon.com (2022). 2-Year Protection Plan plus Accident Protection for Fire HD 8: Amazon Devices ma Accessories. 
Available at https://www.amazon.com/Protection-Accident-Generation-release-
delivered/dp/B01IQD9OKO/ref=sr_1_3?crid=3QA1ZGAER59FW& 
keywords=warranty&qid=1661843599&rnid=2941120011&s=fiona-hardware&sprefix 
=extended+warranty%2Caps%2C709&sr=1-3 (accessed date August. 29, 2022) 

Apple.com (2022). AppleCare+ product website. Available at https://www.apple.com.cn/support/products/ (accessed date 
August. 29, 2022) 

Banciu, M., Ødegaard, F., & Stanciu, A. (2022). Price and revenue bounds for bundles of information goods. Naval Research 
Logistics (NRL), 69(3), 371-389. https://doi.org/10.1002/nav.22018 

Bhargava, H. K. (2013). Mixed bundling of two independently valued goods. Management Science, 59(9), 2170-2185. 
https://doi.org/10.1287/mnsc.1120.1663 

Bian, Y., Xie, J., Archibald, T. W., & Sun, Y. (2019). Optimal extended warranty strategy: Offering trade-in service or 
not?. European Journal of Operational Research, 278(1), 240-254. https://doi.org/10.1016/j.ejor.2019.04.015 

Cao, K., & Choi, T. M. (2022). Optimal trade‐in return policies: is it wise to be generous?. Production and Operations 
Management, 31(3), 1309-1331. https://doi.org/10.1111/poms.13612 

Cao, K., & He, P. (2018). Price and warranty competition in a supply chain with a common retailer. INFOR: Information 
Systems and Operational Research, 56(2), 225-246. https://doi.org/10.1080/03155986.2017.1363590 

Cao, K., Su, Y., Xu, Y., & Wang, J. (2022a) “Free replacement extended warranty” or “traditional extended warranty”: Optimal 
extended warranty selection strategy. Managerial and Decision Economics, 43(7), 3130-3146. 
https://doi.org/10.1002/mde.3586 

Cao, Q., Geng, X., & Zhang, J. (2022b). Impact of channel structure on a manufacturer's bundling decision with an application 
to digital goods. Production and Operations Management, 31(4), 1679-1697. https://doi.org/10.1111/poms.13638 

Chang, C. C., Chen, Y. L., Yin, X., & Zhang, Z. G. (2019). Generalized multi-parameter preventive replacement policy for 
systems with random processing times. INFOR: Information Systems and Operational Research, 57(2), 187-203. 
https://doi.org/10.1080/03155986.2018.1533210 



K. Cao and Y. Su / International Journal of Industrial Engineering Computations 15 (2024) 15

Chen, C.-J. (2019). Developing a model for supply chain agility and innovativeness to enhance firms’ competitive 
advantage. Management Decision, 57(7), 1511-1534. https://doi.org/10.1108/MD-12-2017-1236 

Chen, T., Yang, F., & Guo, X. (2020). Retailer-driven bundling when valuation discount exists. Journal of the Operational 
Research Society, 71(12), 2027-2041. https://doi.org/10.1080/01605682.2019.1650620 

Chen, T., Yang, F., & Guo, X. (2021). Optimal bundling in a distribution channel in the presence of substitutability and 
complementarity. International Journal of Production Research, 59(4), 1145-1165. 
https://doi.org/10.1080/00207543.2020.1720930 

Chien, Y. H. (2008). A general age-replacement model with minimal repair under renewing free-replacement 
warranty. European Journal of Operational Research, 186(3), 1046-1058. https://doi.org/10.1016/j.ejor.2007.02.030 

Derdenger, T., & Kumar, V. (2013). The dynamic effects of bundling as a product strategy. Marketing Science, 32(6), 827-
859. https://doi.org/10.1287/mksc.2013.0810 

Desai, P. S., & Padmanabhan, P. (2004). Durable good, extended warranty and channel coordination. Review of Marketing 
Science, 2(1). https://doi.org/10.2202/1546-5616.1004 

Dybvig, P. H., & Lutz, N. A. (1993). Warranties, durability, and maintenance: Two-sided moral hazard in a continuous-time 
model. The Review of Economic Studies, 60(3), 575-597. https://doi.org/10.2307/2298125 

Fu, W., Atasu, A., & Tereyağoğlu, N. (2022). Warranty length, product reliability, and secondary markets. Manufacturing & 
Service Operations Management, 24(4), 2240-2255. https://doi.org/10.1287/msom.2021.1062 

Gallego, G., Wang, R., Ward, J., Hu, M., & Beltran, J. L. (2014). Flexible‐duration extended warranties with dynamic 
reliability learning. Production and Operations Management, 23(4), 645-659. https://doi.org/10.1111/poms.12178 

Girju, M., Prasad, A., & Ratchford, B. T. (2013). Pure components versus pure bundling in a marketing channel. Journal of 
Retailing, 89(4), 423-437. https://doi.org/10.1016/j.jretai.2013.06.001 

Guo, X., Zheng, S., Yu, Y., & Zhang, F. (2021). Optimal bundling strategy for a retail platform under agency 
selling. Production and Operations Management, 30(7), 2273-2284. https://doi.org/10.1111/poms.13366 

Hartman, J. C., & Laksana, K. (2009). Designing and pricing menus of extended warranty contracts. Naval Research Logistics 
(NRL), 56(3), 199-214. https://doi.org/10.1002/nav.20333 

Hooti, F., Ahmadi, J., & Longobardi, M. (2020). Optimal extended warranty length with limited number of repairs in the 
warranty period. Reliability Engineering & System Safety, 203, 107111. https://doi.org/10.1016/j.ress.2020.107111 

Iyer, G., & Soberman, D. A. (2016). Social responsibility and product innovation. Marketing Science, 35(5), 727-742. 
https://doi.org/10.1287/mksc.2015.0975 

JD.com (2022). JD extended warranty product website. Available at https://item.jd.com/100038054304.html (accessed date. 
August. 29, 2022) 

Jiang, B., & Zhang, X. (2011). How does a retailer's service plan affect a manufacturer's warranty?. Management 
Science, 57(4), 727-740. https://doi.org/10.1287/mnsc.1110.1308 

Jindal, P. (2015). Risk preferences and demand drivers of extended warranties. Marketing Science, 34(1), 39-58. 
https://doi.org/10.1287/mksc.2014.0879 

Jung, K. M., Park, M., & Park, D. H. (2015). Cost optimization model following extended renewing two-phase 
warranty. Computers & Industrial Engineering, 79, 188-194. https://doi.org/10.1016/j.cie.2014.10.016 

Kelley, C. A., & Conant, J. S. (1991). Extended warranties: consumer and manufacturer perceptions. Journal of Consumer 
Affairs, 25(1), 68-83. https://doi.org/10.1111/j.1745-6606.1991.tb00281.x 

Li, K., Mallik, S., & Chhajed, D. (2012). Design of extended warranties in supply chains under additive demand. Production 
and Operations Management, 21(4), 730-746. https://doi.org/10.1111/j.1937-5956.2011.01300.x 

Li, K., Wang, L., Chhajed, D., & Mallik, S. (2019). The impact of quality perception and consumer valuation change on 
manufacturer's optimal warranty, pricing, and market coverage strategies. Decision Sciences, 50(2), 311-339. 
https://doi.org/10.1111/deci.12331 

Liu, B., Wu, J., & Xie, M. (2015). Cost analysis for multi-component system with failure interaction under renewing free-
replacement warranty. European Journal of Operational Research, 243(3), 874-882. 
https://doi.org/10.1016/j.ejor.2015.01.030 

Liu, P., Wang, G., & Su, P. (2021). Optimal replacement strategies for warranty products with multiple failure modes after 
warranty expiry. Computers & Industrial Engineering, 153, 107040. https://doi.org/10.1016/j.cie.2020.107040 

Liu, Z., Diallo, C., Chen, J., & Zhang, M. (2020). Optimal pricing and production strategies for new and remanufactured 
products under a non-renewing free replacement warranty. International Journal of Production Economics, 226, 107602. 
https://doi.org/10.1016/j.ijpe.2019.107602 

Lou, Y., He, Z., Li, Y., & He, S. (2019). Should short warranty always be interpreted as low quality: the effect of brand 
advantages on warranty’s signalization. International Journal of Production Research, 57(14), 4468-4479. 
https://doi.org/10.1080/00207543.2018.1436791 

Lu, Z., & Shang, J. (2019). Warranty mechanism for pre-owned tech products: Collaboration between E-tailers and online 
warranty provider. International journal of production economics, 211, 119-131. 
https://doi.org/10.1016/j.ijpe.2019.01.028 

Ma, J., Ai, X., Yang, W., & Pan, Y. (2019). Decentralization versus coordination in competing supply chains under retailers’ 
extended warranties. Annals of Operations Research, 275(2), 485-510. https://doi.org/10.1007/s10479-018-2871-6 

Mai, D. T., Liu, T., Morris, M. D., & Sun, S. (2017). Quality coordination with extended warranty for store-brand 
products. European Journal of Operational Research, 256(2), 524-532. https://doi.org/10.1016/j.ejor.2016.06.042 



  

 

16 

Ozbilge, A., Hassini, E., & Parlar, M. (2022). A review of bricks-and-clicks dual-channels literature: trends and 
opportunities. INFOR: Information Systems and Operational Research, 60(4), 436-472. 
https://doi.org/10.1080/03155986.2022.2066404 

Prasad, A., Venkatesh, R., & Mahajan, V. (2010). Optimal bundling of technological products with network 
externality. Management Science, 56(12), 2224-2236. https://doi.org/10.1287/mnsc.1100.1259 

Qiao, P., Shen, J., Zhang, F., & Ma, Y. (2022). Optimal warranty policy for repairable products with a three-dimensional 
renewable combination warranty. Computers & Industrial Engineering, 168, 108056. 
https://doi.org/10.1016/j.cie.2022.108056 

Rao, B. M. (2021). Cumulative free replacement warranty with phase type lifetime distributions. Computers & Industrial 
Engineering, 162, 107771. https://doi.org/10.1016/j.cie.2021.107771 

Samsung.com (2022). Samsung Care+ product website. Available at  https://www.samsung.com/us/support/samsung-care-
plus/ (accessed date. August. 29, 2022) 

Shao, L., & Li, S. (2019). Bundling and product strategy in channel competition. International Transactions in Operational 
Research, 26(1), 248-269. https://doi.org/10.1111/itor.12382 

Shi, P., Han, K., & Hou, R. (2023). Modeling and analysis of a sustainable supply chain with fairness concerns and green-
sensitive consumer demand. Management Decision, 61(5), 1298-1319. https://doi.org/10.1108/MD-03-2022-0347 

Soberman, D. A. (2003). Simultaneous signaling and screening with warranties. Journal of Marketing Research, 40(2), 176-
192. https://doi.org/10.1509/jmkr.40.2.176.19228 

Suning.com (2022). Suning sunshine Service Package website. Available at  
www.suning.cn/cms/sunshineServicePackge/index.htm (accessed date August. 29, 2022) 

Tsoukalas, M. Z., & Agrafiotis, G. K. (2013). A new replacement warranty policy indexed by the product’s correlated failure 
and usage time. Computers & Industrial Engineering, 66(2), 203-211. https://doi.org/10.1016/j.cie.2013.07.013 

Vafaeinejad, K., & Sajadieh, M. S. (2022). Trade-in price and base warranty length: A heuristic algorithm for concurrent 
optimization. Computers & Industrial Engineering, 171, 108504. https://doi.org/10.1016/j.cie.2022.108504 

Wang, J., Zhou, Z., & Peng, H. (2017). Flexible decision models for a two-dimensional warranty policy with periodic 
preventive maintenance. Reliability Engineering & System Safety, 162, 14-27. https://doi.org/10.1016/j.ress.2017.01.012 

Wang, X., & Ye, Z. S. (2020). Design of customized two-dimensional extended warranties considering use rate and 
heterogeneity. Iise Transactions, 53(3), 341-351. https://doi.org/10.1080/24725854.2020.1768455 

Wang, X., He, K., He, Z., Li, L., & Xie, M. (2019). Cost analysis of a piece-wise renewing free replacement warranty 
policy. Computers & Industrial Engineering, 135, 1047-1062. https://doi.org/10.1016/j.cie.2019.07.015 

Wu, C. C., Chou, C. Y., & Huang, C. (2009). Optimal price, warranty length and production rate for free replacement policy 
in the static demand market. Omega, 37(1), 29-39. https://doi.org/10.1016/j.omega.2006.07.005 

Yuan, Y., & Xiao, T. (2022). Retailer's decoy strategy versus consumers' reference price effect in a retailer-Stackelberg supply 
chain. Journal of Retailing and Consumer Services, 68, 103081. https://doi.org/10.1016/j.jretconser.2022.103081 

Zhang, Q., & Gao, J. (2021). Transferability of extended warranty in the presence of a P2P secondary market. Computers & 
Industrial Engineering, 160, 107541. https://doi.org/10.1016/j.cie.2021.107541 

Zhang, Z., Nan, G., Li, M., & Tan, Y. (2016). Duopoly pricing strategy for information products with premium service: Free 
product or bundling?. Journal of Management Information Systems, 33(1), 260-295. 
https://doi.org/10.1080/07421222.2016.1172457 

Zheng, B., Bian, Y., Sun, Y., & Ding, H. (2021). Optimal extended warranty strategy: uniform or nonuniform 
pricing?. International Transactions in Operational Research, 28(3), 1441-1464. https://doi.org/10.1111/itor.12611  

 
 

Appendix A 

Table A.1. 
Symbol comparison table 
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Table A.2 
The optimal solutions of extension model considering two-tier supply chain 

Case The optimal solutions 
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Table A.3 
The optimal solutions of extension model considering corporate social responsibility 

Case The optimal solutions 
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+
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B B(( 2 2 )( (T )) ) / ((2 )(( (T )) ))RTS

A m mp c T E Tc T T E Tυ η β υθ η β= + − − + − − +  
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2
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(

( 1) (1 ) ) ( )
) / (( 2

 
 ( ) ( ) ) )1 (( 1 ( )) )(
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E
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η

β
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η
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β β η β
− − + − + − + −

− −+ +− −

= −
  

Case RTB * 2 2 2 2

2 2 2

(( ( 1) ) / ( 2)) (( ( 2 1) (2 ( 2) ) )
(2 )2 (( ) ( ) ( ) (1) 2 ) ( 1)() )) / ( 22

m m
RTB

r r r r

m m

m

p
c

c c c c
E N

c T
c c TN E N c E E cN T
αδ η η θ θ θβ υ υ β υ υ

β υ βθ η
= − − − + − + − + + − + −
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* ( 1 ) / (2 )RTB
A mp c Tυ η η= + − −  

* ( ( ) ) / (2 )RTB
AB m rp c T T c E N Tθ υ βη β η= − + + − 

 
 
Optimal Decisions 

In case O, ( ) ( ) ( )(( ) (1 / )( ))O O O
F P A A A A A Ap c D D p c p p c p T p cδΠ = − + − = − − + − −  is the firm’s profit function.  According to 

/ 0O
F p∂Π ∂ = , / 0O

F Ap∂Π ∂ = , we can get the optimal solutions 2* ( 1) / 8 / 2 / 2m
Op c T cυ δ− += − + and * ( 1) / 2O

A mp c Tυ= + , 
and then we substitute the optimal solutions into the profit function and get its Hessian matrix 

*2 2 *2

*2 *2 2

/ /
/ /

O O
F F A

O O
F A F A

p p p
p p p

 ∂Π ∂ ∂Π ∂ ∂
 ∂Π ∂ ∂ ∂Π ∂ 

, which is equal to 2(( 1) 4 4 ) / (2 )mc T c Tυ δ− − + . According to *Op c> and *Op αδ< , we 

can know the above Hessian matrix is bigger than 0. We substitute the optimal solutions into the profit function, the firm’s 
optimal profit in case O is 2 2* (( 1) 4 4 ) / 64m

O
F c T cυ δΠ = − − + .  

 
The solving process of case TS and Case TB are similar to that of case O. The optimal profits in case TS and case TB are 
presented as follows: 
 

3 2 2 2 2 2 2 2 2 2

2 2 2 2 2

2 2 2 2 2

*

2 2

2 ((( 4 ( ) ( )
2 ( ( ) ) ( ) ( ) ( ) (
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E
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T T B F G
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C

υ
υ

β θ β υ υ β θ βυ β β
β β β

β
β β

β

Π + + − − −

− − + −

+

= −

+

−

+

−

− −

2 2 2 2 2 2 2

2 2

*

2 22

( 1)
2 ( ) ( 1) ( ) 6

(4 ( 1) 2 (( 1) ( ) )
) / 1( 4( ) ) E

m m
TB
F m m

r

r

r m

T c c T
E N c

T A c c T E N c T
T Cc E N c T

θ υ βυβ β υ β
β β

θ
υ

υΠ

−

= − + −

− + +

− + + − − +

−−
. 

 
Proof of Proposition 1 
 
We compare the size relationships of *Op  , *TSp  , and *TBp   through judge the signal of * *TS Op p−  , * *TB Op p−  , and  

* *TB TSp p− . The process is similar with to that of Theorem 1. Note that,  
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3 2 2 2 2 2 2 2 2 2

2 2 2 2 2

2 2 2

2 ( 2 ) ( )
( 2 ( 2

3 )) (( 1) )) / 4 )

1 (( ( ) ( ) 2
( ( ) ) ( ) ( ) ( ) ( ) ( )

m m m m

m

m

B B

r B Br Br

T c Tc BF Tc B TB T T c
c
F E T E T

TB E N FGc FJ E N G E N F EB c Gc T T
T T BFG c T B

T E T T
FG

E
υ θ β υ υ β θ βυ β β υ

β β β β
β δ

β

β υ β

α

υ

′

+

= − − + + − − −

− − + −

+ +

+

− −

−

, 

2(( ( 1) 1) ( ) ) / (4 ( 1)) 1m rc T E N c Tα υ θ β δ β′′ = − − + + − +  . 
 
Proof of Proposition 2 
 
By judging the signal of * *O TB

A Ap p− , * *O TS
A Ap p− , * *TB TS

A Ap p− , we can get Proposition 2 (a) easily. 
 
By judging the signal of * * *( ) ( ( 1) ) /TB TS TS

AB A B mp p p J c T J Gυ θ− + = − −  , we can get Proposition 2 (b). 
 
Proof of Proposition 3 
 
The proof process of Proposition 3 is similar to Theorem 1 and Theorem 2. 
 
Proof of Proposition 4 
 
Firstly, we can judge * * * * */ ( ) /O O TB TB TB

A P A AB PD D D D D= + easily, because * * * * */ ( ) / 0O O TB TB TB
A P A AB PD D D D D− + = . Next, the signal 

of * * * * *( ) / /TS TS TS O O
A AB P A PD D D D D+ − , which is equal to ( ( ) ( ) ) / (2 )m rT F B c c E N B BFυ θ β β β− + , is different due to the value 

of mc  . If ˆm mc c<   , we have * * * * * * * *( ) / / ( ) /TS TS TS O O TB TB TB
A AB P A P A AB PD D D D D D D D+ > = +  ; otherwise, we have 

* * * * * * * */ ( ) / ( ) /O O TB TB TB TS TS TS
A P A AB P A AB PD D D D D D D D= + > + . Note that ˆ ( ) / ( ( ))m rc c E N B T F Bβ υ θ β= − − . 

 
As for the size relationships of the proportion of the FREW in cases TS and TB, we have  

* * * * *( ) / / ( ( ) ( ) ) / 2 ( 1)TS TS TS TB TB
B AB P AB P m rD D D D D T F B c c E N B FTυ θ β β β+ − = − + − . Then, we can get Proposition 4 (b) easily.  

 
Proof of Theorem 1 
 
At first, we calculate * * ( ) ( )TS O

F F Eg f Cα αΠ − Π = − , where  
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α β
β
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′− +

= − −

+ −
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 . 

 
According to the conditions to ensure the existence of optimal solutions, we can get the lower limits of α , that is Oα and TSα . 
Then, max{ , }TS Oα α α= . According to ( ) 0g α < ，we have ( ) 0g α <  within the range. As for ( )f α , the coefficient of α is 
negative. If α α≤  , we have ( ) 0f α ≥  . At that time, ( ) ( ) 0g fα α ≤  . Thus, * * 0TS O

F FΠ − Π ≤  . Only when α α>  , 
( ) ( ) 0g fα α > . We can get Theorem 1 (a). 

 
Then, based on * * ( ) ( )TB O

F F m Eh c t CαΠ − Π = − , where  
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( ) (4 ( 1) 2 (( 1) ( ) )
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. 

 
Similarly, we substitute α which is max{ , }TB Oα α  into ( )t α . According to ( ) 0t α > , we have ( ) 0t α > within the available 
range. Then, the root formula of the numerator of ( )mh c   shows that it is greater than or equal to 0. Thus, we have 

( ) ( ) 0mh c t α > . It is easy to obtain theorem 1 (b). Note that, 
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Proof of Theorem 2 
 
Firstly, we obtain * * ( ) ( )TS TB

F F mw c k αΠ − Π = , where   
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Similarly, we substitute α  which is equal to max{ , }TB TSα α   into ( )k α   and then have ( ) 0k α <  . As for ( )mw c  , it is the 
quadratic equation of mc . Then we can obtain the lower limit of mc  from the existence of the demand of each extended 
warranty, where 2 2( ( ( ) )) / ( )m rc B GE N c FJ T B Fβ υ β θ= − + −  . We can easily know ( ) 0mw c >  . Next, we judge the 

coefficient of quadratic term, that is 2
mc . If the coefficient of 2

mc is greater than 0, that is, θ θ<  , we have ( ) 0mw c > within 
the available range. If the coefficient of 2

mc is smaller than 0, the signal of ( )mw c will change with the increase of mc . Hence, 
Theorem 2 (a) and (b) can be drawn. Note that,  
 

3 2 3 3 2 2( ( )(2 ( )) (2 ( )) ( 1) ) / ( ( ))B B BBE T T E T B T E T T B FGT F TF Bβ β β β βθ − − − + −= −  , 
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Proof of Proposition 5 
 
Note that, 

2 2 2 2
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2 2

3
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. 

We set 2 (( ( ) ( 1)) ( ) ( 1) )r rP TB E N Gc TJ F E N BGc T FJβν β θ β β= + − − − −  , and then find the partial derivative of P  
regarding to rc   and the partial derivative of H   regarding to rc  , that is / rP c∂ ∂   and / rH c∂ ∂  . Note that,

/ ( ) (B ) G 0rP c B E N T Fυβ β θ∂ ∂ = − − > , / ( ) ( 1) 0rH c E N Bβ θ∂ ∂ = − > . Thus, we have / 0m rc c∂ ∂ > . 
 
Proof of Proposition 6 
 
According to the expression and meaning of B(T )E  and ( )E N . We can get Proposition 6 easily. 
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Proof of Proposition 7 
 

* / 0O
Ap υ∂ ∂ > can be easily drawn. Then, to judge the signal of * /TS

Ap υ∂ ∂ , we firstly differentiate *TS
Ap to B(T )E  and to ( )E N . 

Then combining Proposition 6, we can get * / 0TS
Ap υ∂ ∂ > . As for * /TB

Ap υ∂ ∂ , * /TB
ABp υ∂ ∂ , * /TS

Ap N∂ ∂ , and * /TB
ABp N∂ ∂ , we can 

obtain their signal through the similar process. Hence, Proposition 7 can be drawn. 
 
Proof of Theorem 3 
 
The proof process is similar to theorem 1. 
 
Proof of Theorem 4 
 
The proof process is similar to theorem 2. 
 
Proof of Theorem 5 
 
The proof process is similar to theorem 1. Note that, 
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Proof of Theorem 6 
 
The proof process is similar to theorem 2. Note that, 
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