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 Form deviation of machined components need to be controlled within the required tolerance val-
ues for proper assembly and to serve the intended functional requirements. Methods like minimum 
zone circle (MZC) method, minimum circumscribed circle (MCC) method, maximum inscribed 
circle (MIC) method and least square circle (LSC) method are used to evaluate roundness error. 
Roundness error evaluation includes collection of co-ordinate points on the surface of the compo-
nent and measurement using any of the above methods. Since, manual measurement of roundness 
error from these co-ordinate points is time consuming and less accurate, use of algorithms is 
highly appreciated. A detailed study of various optimization techniques showed that all evolution-
ary and swarm intelligence-based optimization algorithms require common control parameters 
and algorithm specific parameters. Improper tuning of these parameters either increases the com-
putational effort or results in local optimal solution. Teaching Learning Based Optimization 
(TLBO) algorithm is used in this work as it does not require any algorithm specific parameters 
for the evaluation of roundness error. The results obtained are then compared with the results of 
Particle Swarm Optimization (PSO) algorithm to know the merits and demerits of both the algo-
rithms when used for form measurement.    
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1. Introduction 
 
According to Lei et al. (2011) roundness error is the most important form error in cylindrical features 
which is the variation between measured circular profile and an ideal reference circle. Roundness error 
is defined as the minimum radial separation between two concentric circles which contain all the coor-
dinate data measured over the manufactured part. There are four geometry measurement techniques 
which form the basic criteria to estimate the reference circle. They are (i) minimum circumscribed circle 
(MCC), (ii) maximum inscribed circle (MIC), (iii) minimum zone circle (MZC) and (iv) least square 
circle (LSC) method. The use of specific measurement method depends on whether it is inside diameter 
or outside diameter (Muralikrishnan & Raja, 2009). Most of the precision assemblies use cylindrical 
features with close dimensional and form tolerances. The errors in cylindrical component are due to 
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various uncertain factors in manufacturing processes (Farooqui et al., 2009). Roundness and cylindricity 
errors are to be effectively and efficiently evaluated as they are important for proper assembly of the 
component with its mating part and for functional requirements (Mekid & Vacharanukul, 2011). Estima-
tion of form error involves fitting of large number of data points based on some criteria which is time 
consuming and difficult to do manually.  This leads to the need for efficient algorithms in order to sim-
plify and accelerate the computation of form errors (Muralikrishnan & Raja, 2009; Mekid & Vacha-
ranukul, 2011).  
 

Du et al. (2014) applied particle swarm optimization algorithm to evaluate roundness error based on 
MZC method using the data points given by Wen et al. (1999). The performance of PSO algorithm was 
analyzed using inertia weight and two learning factors. The results were compared with the MZC results 
of a geometry-based method, Genetic Algorithm, the novel PSO with linearly varying inertia weight, and 
the LSC method using PSO. The algorithm was tested for different sample size and found that roundness 
error increases with an increase in sample size. Jywe et al. (1999) proposed a min – max problem for 
evaluating the form error of a circular profile. This algorithm provided the best results by solving simul-
taneous linear algebraic equations. Sun (2009) applied PSO algorithm for roundness measurement for 
the data points obtained using machine vision system. The experimental results showed that the PSO 
based method effectively solved the MIC, MZC and MCC problems and outperforms genetic algorithm 
(GA) based method in both accuracy and efficiency. Wen et al. (2006) proposed an effective GA for 
evaluating roundness error based on MZC, MIC, MCC and the LSC. The results of the algorithm proved 
its capability to provide optimal solution and found flexible such that it can be used for evaluating other 
type of form errors like straightness, flatness and cylindricity. Dhanish (2002) proposed a simple algo-
rithm for evaluating roundness error based on MZC method using simple algebraic equations. The co-
ordinate data obtained from a co-ordinate measuring machine (CMM) were transformed to linearize the 
equation and a program was developed using C++. The results were compared with other published data 
sets and found to be correct. He et al. (2015) proposed a mathematical model based on distance function 
by considering second order terms for the evaluation of error in free – form surfaces by a combination of 
differential evolution algorithm and Nelder Mead (NM) algorithm. The results obtained from differential 
distance function and differential evolution algorithm were compared with LSC method and the new 
method was found to have better performance. 

Non-traditional optimization algorithms such as GA, PSO, Ant Colony Optimization (ACO) and Simu-
lated Annealing (SA) require proper tuning of algorithm specific parameters such as cross over, mutation 
probability, inertia weight, velocity, pheromone concentration, temperature and energy when used for 
form measurements. Tuning of these algorithm specific parameters is a critical factor in obtaining optimal 
results. Improper tuning of the algorithm-specific parameters will either increase the computational effort 
or yield a local optimal solution. In addition to tuning of the algorithm-specific parameters, the common 
control parameters also need to be tuned which further complicates the process. Rao and Patel (2013) 
developed Teaching Learning Based Optimization Algorithm (TLBO) to solve unconstrained optimiza-
tion problems using control parameters like population size and number of generations. It does not require 
algorithm specific parameters to solve such problems. The results of the algorithm were compared with 
that of other heuristic algorithms and proved to be capable of providing better results than them. The 
authors proposed the concept of elitism in TLBO to further improve its performance. 

The aim of this paper is to use TLBO, a population-based algorithm for roundness error measurement 
which does not require algorithm specific parameters and to compare its results in terms of number of 
iterations required to converge, computation time and the ability to provide minimum roundness error 
with that of other algorithms which require algorithm specific parameters. As this algorithm is not yet 
been tried to evaluate roundness error, it is attempted in this paper. The data points given by Jywe et al. 
(1999) were used for this purpose and the results of TLBO algorithm were compared with the results of 
Du et al. (2014). 
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2. Teaching Learning Based Optimization Algorithm (TLBO) 

TLBO is a teaching-learning process inspired algorithm developed by Rao & Patel (2015) based on the 
influence of a teacher on the results of learners in a class. The algorithm follows two basic modes of the 
learning: (i) through the teacher (known as teacher phase) and (ii) sharing knowledge with the other 
learners (known as learner phase). In this optimization algorithm a group of learners is assumed as pop-
ulation ‘n’, different subjects learnt by the learners are considered as unique design variables ‘m’, a 
learner’s result as the fitness value of the optimization problem and M as the mean results of the learners 
in a particular subject. The best solution in the entire population is known as the teacher. For the evalua-
tion of roundness error, ten randomly generated LSC centers (a,b) were considered as the population. 
The center coordinates (a,b) is considered as design variables, M is the mean of ten design variables (a,b) 
and the minimum roundness error in the entire population is considered as the best solution. The imple-
mentation flowchart of TLBO algorithm given by Rao (2015) is suitably modified to evaluate roundness 
error and is given in Fig. 1. 

 

2.1. Teacher Phase 
 

In this phase, the mean result of the class in the subjects taught by the teacher is upgraded in the succes-
sive iteration to find the best value. The best result  in any iteration ‘i’ among all the subjects in the 
entire population, is considered as the result of the best learner. However, the teacher is considered as a 
highly qualified person, the best learner identified by the algorithm in any iteration is considered as the 
teacher in the next iteration. The difference between the result of the teacher for each subject and existing 
mean result of each subject is given by difference mean (1). Considering a learner P (a1, b1) 
 

Difference Mean = rሺPbest-TFMሻ, (1)
 

where, TF is the teaching factor which decides the value of mean to be changed which is specified as 1 
and r is the random number in the range [0, 1]. TF is decided randomly with equal probability as, 
 

TF = roundሾ1+randሺ0,1ሻሼ2-1ሽሿ. (2)
                   

TF is not an algorithm specific parameter. It is generated randomly by the algorithm using teaching factor 
(2). It is found that the algorithm provides better result (Rao & Patel, 2013) for the TF values 1 and 2. 
The existing solution is updated in teacher phase using difference mean according to (3). 
 

Pᇱ = P + Difference Mean, (3)
      

where, P' is the updated value of P. Accept P' if it gives better roundness value. All the accepted roundness 
values at the end of the teacher phase become the input to the learner phase. 

2.2. Learner Phase 
 

Learners improve their knowledge by interacting among themselves. A learner interacts with every other 
learner and tries to gain knowledge from them if they have more knowledge than him or her. 
 

Considering the ten LSC centers obtained at the end of teacher phase as the learners which is the popu-
lation size, the learner phase is expressed as updated value of the center (a1, b1) in learner’s phase (4) and 
(5). Select two centers P (a1, b1) and Q (a2, b2) randomly from the ten LSC centers such that P ≠ Q.  Since 
evaluation of roundness error is a minimization problem, if the roundness value obtained for the centre 
P is less than centre Q the algorithm updates the value of centre P using (4) otherwise the centre P is 
updated using (5). 
 

P'' = P' + r൫P'- Q'൯, if  F൫P'൯ < F൫Q'൯, (4)

 
P'' = P' + r൫Q'- P'൯, if  F൫Q'൯ < F൫P'൯, (5)

where, P'' is the updated value of the center (a1, b1) in learner’s phase. Accept P'' if it gives a better 
function value. 
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Fig. 1. Implementation flowchart of TLBO algorithm 
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3. Minimum zone circle method 

For a given set of data points, if all data points are on or between two concentric circles, the minimum 
radial separation between these two concentric circles is called the minimum zone solution.  MZC method 
provides more accurate fitting results because it yields smaller zone value than other criteria and it is 
more consistent with standard definition of physical fitting (Wen et al., 2006).  Fig. 2 shows the minimum 
zone circle fitted for a roundness profile. 
 
 

 
 
 
 

 
 
 
 
 
 

Fig. 2. Minimum zone circles fitted for roundness error (Du et al., 2014) 
 
Since the roundness error value being evaluated should be minimum, it becomes a minimization problem. 
Assuming the center of MZC as (a, b), the radial distance ri given in Eq. (6) from the data point Pi(xi, yi) 
to the center is given by 

ri = ටሺxi- aሻ2 + ൫yi- b൯
2 

. 
(6)

                              
The objective function (7) of MZC method is defined by  

MinሺEMZCሻ = MinሺRmax	- Rminሻ, (7)
                    

where, Min (EMZC) is the roundness error to be minimized according to MZC method, Rmax is the radius 
of the circumscribed circle forming the zone, Rmin is the radius of the inscribed circle forming the zone. 
The objective function (7) is to be solved to find the center (a, b) of the minimum zone circles such that 
the radial separation between them is minimum. 
 
4. Implementation of TLBO algorithm 

The initial population (a, b) is obtained using LSC method. The centre coordinates   (a, b) are calculated 
using X coordinate of the LSC center (8) and Y coordinate of the LSC center (9). 

a = 
2

n
 × ෍ x

n

i=1

 
(8)

  

b = 
2

n
 × ෍ y

n

i=1

 
(9)

where, a is the X coordinate of the LSC center, b is the Y coordinate of the LSC center and n is the 
number of coordinates of the profile taken for evaluation. The center (a, b) calculated for the data points 
given by Wen et al. (1999) using X coordinate of the LSC center (8) and Y coordinate of the LSC center 
(9) is (0.0726, -0.1060) from (0,0). With the above value of (a, b) nine other centers were chosen ran-
domly and is given in the Table 1 which are used as the initial population for the evaluation of roundness 
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error using TLBO algorithm. The code for TLBO algorithm was developed using MATLAB R2016a. 
The minimum roundness error and its corresponding centre coordinate obtained at the end of 100th iter-
ation is compared against the results of PSO and is given in the Table 2. 
 
Table 1  
Centre co-ordinates of least square circle from profile centre 

S.  
No. 

Centre coordinate 
a b 

1 0.0726 -0.1060 
2 0.0714 -0.1051 
3 0.0698 -0.0999 
4 0.0730 -0.1062 
5 0.0699 -0.1060 
6 0.0726 -0.1069 
7 0.0731 -0.1042 
8 0.0721 -0.1055 
9 0.0692 -0.1056 
10 0.0690 -0.1060 

 
Fig.3 shows the evaluation of roundness error for 100 iterations using TLBO algorithm based on MZC 
method. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Evaluation of roundness error for 100 iterations using TLBO algorithm based on MZC method 

 
Table 2 
Centre co-ordinates of MZC obtained using TLBO and PSO algorithms 

S. 
No 

Method Centre coordinates (mm) Roundness error (mm) 

1 TLBO 
(0.035625187904716, 
-0.052938509298430) 

0.008560071580591 

2 PSO 
(0.035614971220104, 
-0.052929481200396) 

0.008537464354626 

 

5. Result and discussion 

The results of TLBO algorithm are compared with PSO algorithm on the following aspects. 
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5.1. Number of iterations Vs Roundness error 

The MZC roundness error obtained using TLBO and PSO algorithms for different number of iterations, 
the percentage variation between the results and time taken by the two algorithms to converge to the 
minimum roundness error are given in the Table 3. The minimum zone circles obtained using TLBO 
algorithm for the data points using MATLAB R2016a is shown in Fig. 4.  

 
Table 3 
Roundness error, % variation and time taken for various numbers of iterations 

S. No 
Number of itera-

tions 
Roundness error (in mm) 

Variation be-
tween the results 

of roundness  
error     

  (in %) 

Time taken for con-
vergence 
 (in sec) 

TLBO PSO TLBO PSO 

1 10 0.085984631954501 0.062906202262788 26.84 1.31 0.25 

2 50 0.008923032338120 0.008537470731353 4.32 4.69 0.91 

3 100 0.008560071580591 0.008537464354626 0.264 7.65 1.80 

4 150 0.008542355751479 0.008537464354593 0.057 10.97 2.40 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Minimum zone circles obtained using 
TLBO 

Fig. 5. Comparison of roundness error in terms of 
number of iterations 

 
It is observed that the roundness error obtained using TLBO algorithm decreases with increase in number 
of iterations and becomes stable after 100 iterations. It is also seen that both algorithms provide the 
roundness error same as obtained by Du et al. (2014) and Wen et al. (1999). Also, the algorithm specific 
parameter used in PSO such as inertia weight required a lot of trials to find the optimum values to be 
used for the evaluation of roundness error. But TLBO algorithm does not require any specific parameters 
to be tuned which becomes an advantage. The only drawback with the TLBO algorithm is the increased 
convergence time than the PSO algorithm. Nevertheless, the roundness error provided by both the algo-
rithms is same. The percentage difference between the results provided by TLBO and PSO is only 0.264 
for 100 iterations and decreases even further when the number of iterations is increased. Comparison of 
roundness error obtained using both the algorithms for the co-ordinate points presented in Jywe et al. 
(1999) in terms of number of iterations is shown in Fig. 5.  

6. Conclusion 

Thus the TLBO algorithm is introduced for form measurement and found to be effective for the evalua-
tion of roundness error. The codes were developed for both the algorithms and the efficiency of TLBO 
algorithm was checked in terms of number of iterations and computation time. It was found that both 



 

70 

TLBO and PSO algorithms provide same result after 100 iterations but the time taken for TLBO algo-
rithm to converge to minimum roundness error was more than PSO algorithm. Any optimization algo-
rithm requires specific parameters to be tuned to obtain the optimum value. It is difficult to set these 
parameters as each application requires different parameters to be tuned. But TLBO does not require 
tuning of any algorithm-specific parameters which becomes the major advantage of TLBO algorithm. 
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