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 Modeling of a crack propagating through a finite element mesh under mixed mode conditions is of 
prime importance in fracture mechanics. This paper presents an application of the finite element 
method to the analysis of crack growth problems in linear elastic fracture mechanics and the 
correlation of results with experimental data.  In the present study, the crack growth simulation has 
been numerically simulated by using the finite element source code program using Visual 
FORTRAN language. This code includes the mesh generator based on the advancing front method 
as well as all the pre and post process for the crack growth simulation under linear elastic fracture 
mechanics theory. The maximum circumferential stress criterion has been used for prediction of 
the crack growth in isotropic materials under mixed-mode loading. Furthermore, the equivalent 
domain integral method has been used for calculating the stress intensity factors values during 
crack growth. The crack grows when the stress intensity factor exceeds the fracture toughness of 
the material in the case of static loading. Verification of the predicted crack path is validated with 
relevant experimental data and numerical results obtained by other researchers with a good 
agreement. 
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1. Introduction 
 

 
     Have a think what would occurs in a test specimen when a crack is loaded, if starting by applying a 
small load to the crack then it will begin to open and a small plastic zone forms at the tip of the crack, 
increasing the load increases the size of the plastic zone. Eventually the load will reach to critical value 
and the crack will extend forward into the plastic zone then the material will be deformed due to crack 
growth also that leads to fracture. Although fracture is a common and ubiquitous occurrence, it is a failure 
mode that remains difficult to predict. Fracture behavior is heavily dependent on loading conditions, 
component geometry, and material properties. Often one will find that a material that is resistant to 
cracking under one set of conditions can fracture easily under another. Additionally, cracking can occur 
without warning and come with catastrophic consequences. Experimental validation of component 
fracture resistance is not only expensive, but time consuming and often impractical if the loading 
conditions are difficult to recreate in a laboratory setting. The ability to accurately model and predict 
cracking behavior is therefore valuable and necessary in light of the growing complexity and performance 
demands of modern applications. The capability to predict brittle fracture of engineering structures in 
manufacturing and service are very important. Stress intensity factors are important for fracture analysis 
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of cracked structures, because it have been used for the prediction of crack initiation, crack growth 
direction and fracture speed in brittle materials. In recent decades, various methods including 
experimental test, numerical analysis and simulation have been developed, from which finite element 
method (FEM) calculation can provide more convenient means for optimal design. Zhang and Guo 
(2018) proposed a singular Voronoi cell finite element model for estimation of the mixed mode stress 
intensity factors (SIFs) of crack tip based on a modified complementary energy principle. In the finite 
element simulation the discretization of a domain was initially defined, based on the meshes. The mesh 
size sensitivity of this method in analyzing problems especially problems related to moving boundaries, 
such as crack propagation (Guo, Xiang et al. 2016), and the need to define adaptive fine mesh around the 
crack tip inspired researchers to present a mesh-less or mesh-free method. A mesh-less method uses a 
number of scattered nodes within the domain and on the boundaries. The most essential mesh-less 
methods for analyzing problems with moving boundaries like crack propagation are the Element-Free 
Galerkin Method (EFGM) (Belytschko et al. 1994) and h –p clouds (Duarte and Oden 1996) . It is 
importance saying that these methods entail high computational costs. Therefore, under similar 
conditions, mesh-less methods are much more expensive than FEM. For this reason, in Rao and Rahman 
(2001), a combination of an FEM and a mesh-less method has been utilized to alleviate computational 
costs without a loss of accuracy. 
 
     Sabbagh-Yazdi et al. (2018) proposed a new approach to model two-dimensional linear crack 
propagation, based on the Galerkin Finite Volume Method. Azocar et al. (2010) represented that finite 
element based numerical method applied to fracture mechanics proceeds iteratively as follows: an 
approximate displacement field solution is numerically obtained; then a numerical approximation of the 
fracture parameters is computed by using appropriate data post processing. In any case, mesh generation 
is a critical aspect of an efficient crack propagation method. This should consider at least the following 
issues: firstly, generation of a good quality initial mesh of the complex geometry such as a cracked one. 
A crack in a 2D geometry is represented as a 1D entity, where two free surfaces coincides geometrically 
but are topologically different, thus the mesh generator must be able to take into account these free 
surfaces, both in the initial mesh generation and in the crack growth steps. Secondly, in a cracked 
geometry mesh, elements near the crack tip are much smaller than elements far from crack tip, so the 
algorithm must generate a good size transition between these zones, optimizing element size and keeping 
element quality in all the mesh. Third, crack propagation simulation implies modification of both the 
object geometry and its associated mesh for every time step. This paper presents the application of FEM 
for the analysis of crack growth problems and the correlation of results with experimental data.   

 
2. Crack Growth Direction Criteria and Mesh Refinements  
 

     Typical progressive fracture simulation algorithms update the modeled geometry during each 
simulation step with a small straight-line crack advance segment. In a linear-elastic isotropic two 
dimensional model, the direction of each straight-line propagation segment can be calculated by 
assuming a propagation direction criterion and determining two parameters that characterize a first-order 
near-tip Williams stress field. Conventionally, these two parameters are the first-order symmetric mode 
I, and anti-symmetric mode II, stress intensity factors (KI,KII), computed for a crack advancing in its 
current self-similar (r) direction (Williams 1961). Adaptive subdomain re-meshing techniques add each 
crack advance segment by modifying the current finite element mesh. This is done by removing elements 
and nodes in a region ahead of the current crack tip and replacing them with smaller elements along the 
crack faces to be added. These additional elements typically include a small structured rosette of elements 
at the new crack tip location. The remaining space between is filled with additional elements. 
Insufficiently robust mesh modification algorithms can cause premature termination of a progressive  
fracture simulation (Miller et al. 2015). Only a geometric description of a crack path needs to be updated 
during each simulation step because cracks are not represented explicitly in an adaptive mesh. This direct 
method has been extended to represent multiple cracks without the need for mesh refinement between 
crack tips (Lan et al. 2013). 
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    The maximum circumferential stress or strain criterion, the maximum energy release rate criterion, the 
minimum strain energy density criterion and the maximum circumferential stress criterion can be used 
to determine the direction of crack propagation, as stated in different papers (Belytschko & Black, 1999; 
Ayatollahi et al., 2006, 2011; Khan & Khraisheh 2000, 2004; Ayatollahi & Aliha 2007, 2009; Mirsayar 
et al., 2014, 2018, Akbardoost et al., 2014; Aliha et al., 2010, 2016a,b, 2017; Razavi et al., 2018, Abd-
Elhady, 2013; Aliha & Ayatollahi 2008, 2012, Xie & Waas 2006; Aliha & Saghafi 2013; Dehghany et 
al., 2017, Sutton et al., 2000; Cooke & Pollard, 1996; Aliha & Rezaei, 2011; Matvienko, 2012). In present 
study the maximum circumferential stress criterion is exploited for isotropic materials under mixed-mode 
loading. 

The crack propagation is observed in normal direction of maximum tangential tensile stress given by 
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3. Stress Intensity Factors Method 
  

    In Rice (1968) introduced J-integral to study non-linear material behavior in small scale yielding. It is 
a path independent contour integral defined as: 
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where strain-energy density is denoted by W; stresses by 𝜎  ; the displacements corresponding to local 
i-axis iu ; arc length of the contour is expressed as s ; jn  is the unit outward normal to the contour C, 

surrounding the crack tip (Fig. 1a). 

 

 

 

 

  (a)                                                          (b) 
 

Fig. 1. (a) Arbitrary contour containing the crack tip; (b) Area to calculate the J-integral. 
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    The Equivalent Domain Integral Method being more convenient for finite element analyses replaces 
finite size domain by the divergence theorem by the integration along the contour. For two-dimensional 
problems area integral replaces the contour integral i (Fig. 2b). Then, Eq. (4) is rewritten as 

ij
i i i

k ij i

A A s

W
u u uq q W

J dA qdA t qds
x x x x x x x

  
                            

(5) 

     In linear elastic analysis, the J-integral by definition take account of translational mechanical energy 
balance in front of the crack along the x-axis. In either cases of pure Mode I and Mode II, Eq. (5) facilitate 
the calculation of the stress intensity factors IK or IIK  but fails for mixed mode condition to calculate 

IK  and IIK  separately. For such case invariant integrals are used as defined by Knowles and Sternberg 

(1972). 
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where k is an index for local crack tip axis (x, y). These integrals were introduced initially for small 
deformation and were extended by Atluri (1982) for finite deformation. 

     The stress intensity factors can be obtained by two possible ways. The first approach is through 
relationships between the J-integral and the stress intensity factors. These relations are: 
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    Then the relations between the stress intensity factors and 1 2,J J  are: 
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4. Results and discussion 

      To evaluate the efficiency of the developed program, crack propagation simulation was done and the 
stress intensity factor for various geometries was evaluated and compared with other related studies.  

4.1. Single edge cracked plate under plane stress condition 
 

    This geometry is a rectangular plate (200 mm × 100 mm × 1 mm) as shown in Fig. 2 with an initial 
crack (a = 30 mm) is considered for 2-dimensional finite element analysis. The material properties of the 
aluminum alloy used in this study were taken as E = 72 GPa, ν = 0.3 and KIc = 1297 N/mm1.5, where E, 
γ and KIc  represents Young’s modulus, Poisson’s ratio and fracture toughness, respectively. The cracked 
plate is subjected under a uniform tensile load stress at both ends.  
 

 
Fig. 2. Single edge cracked plate 
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     The initial mesh and the final crack growth direction are shown in Fig. 3a, 3b. 

  
(a) (b) 

Fig. 3. (a): The final mesh; (b): crack path 
 
    This mesh will serve to calculate the stress intensity factors 𝐾  and 𝐾  using the J-integral method 
based on Eq. (7). 

   The analytical stress intensity factor 𝐾  for this geometry is given by (Tada et al., 2000) as: 
 

𝐾 =  𝐹𝜎√𝜋𝜎 (9) 
 
where F is the correction factor given by 
 

𝐹 = 1.12 − 0.231
𝑎

𝑤
+ 10.55

𝑎

𝑤
− 21.72

𝑎

𝑤
+ 30.39

𝑎

𝑤
 

(10) 

    
  

Fig. 4. Relationship between SIF 𝐾  (𝑁/𝑚𝑚 / ) and the initial crack length size (a/W) 
 

     The calculated values of stress intensity factor has been compared to the analytical solution described 
in Eq. (9) as well as the numerical solution using finite element method obtained by (Boulenouar et al. 
2014) as shown in Fig. 4 with excellent agreement. Fig. 5 shows the comparison with a good agreement 
between the present study results and other related results obtained by (Alshoaibi & Ariffin, 2006) using 
FRANC2D/L program and finite element results using ANSYS software by (Boulenouar et al., 2014).  
 
    These results allow us to conclude that the numerical model used correctly describes the stress and 
deformation field near the crack tip, under pure mode I conditions. Fig. 6a and 6b show the stress 
distribution in Y and X direction with enlargement at crack tip for the final step of the crack. 
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              (a)                                                                                  

 
 
 
 
 

(a)                                                 (b)                                                      (c) 
Fig. 5. Crack propagation path under mode I loading: (a) present study (b) (Alshoaibi and Ariffin 2006), 
(c) (Boulenouar et al., 2014) 
 
4.2. Cracked Plate with One Hole  

    A rectangular plate with one hole of diameter 10 mm and one 6 mm long edge crack, as shown in Fig. 
7a. The initial mesh for this geometry is shown in Fig. 7b. A tensile load of 10 MPa is applied on the top 
of plate, and the plate is fixed at the bottom. The Young’s modulus is 72 GPa, Poisson’s ratio is 0.33. 
 
 

 

 

 

 

 

 

 

 

 

 

                 (a)                                                              (b) 
                         Fig. 7. (a) cracked plate with one hole and (b) Initial mesh 
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     The comparison of the result of the propagation path of the crack using the present study program 
with the experimental results obtained by (Varfolomeev et al., 2014) and BEM results reported by (Liu 
et al., 2017) are shown in Figs. 8a, 8b, and 8c. Very good agreement among the present study, 
experimental and BEM results are observed. As well as the contour of maximum stress is presented in 
Fig. 9. 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
  
 
 
 

(a)                                  (b)                                                   (c) 
 

Fig. 8. (a) Present study, (b) BEM by  (Liu et al. 2017) (c) Experimental work by 
(Varfolomeev et al., 2014) 
                 

Fig. 9.  Contour of σX  for cracked plate with one hole 
  

4.3.Tensile plate with central horizontal crack 
 

     A test of a plate in plane strain state subjected to a tensile loading with a central horizontal crack is 
considered. The plate is a square of edge length W = 10 cm. The geometry can be inferred from Fig. 10 
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for α = 0◦. The plate is loaded by a tensile distributed load of  P = 1 MPa, and is made of isotropic material 
with Young's modulus E = 100 GPa and Poisson coefficient ν = 0.3. Based on geometry and loading 
condition, the analytical equation of stress intensity factor is given by (Tada et al.,  2000) as:  

 𝐾 = 𝑃√𝜋𝑎(1 − 0.025
𝑎

𝑊
+ 0.06

𝑎

𝑊
) sec

𝜋𝑎

2𝑊
 (11) 

  
Fig. 10. Central inclined crack in a square plate of edge length 10 mm with crack length 2a. 

 

     The present results for the normalized stress intensity factor with various initial crack lengths are 
shown in Fig. 11 which exhibit close agreement to the analytical solutions calculated by Eq. (11). Fig. 
12 shows the crack propagation for a/W=0.5 in which the crack propagates towards the expected path 
under mode I loading condition. 
 

 
Fig. 11. Comparison between analytical solution of  (Tada et al. 2000) and present 
study for the calculated SIFs with different value of (a/W) ratio 

 
 

Fig. 12. The crack propagation trajectory under mode I loading 
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4.4. Slanted central crack 
 

    The same geometry of last example section 4.3 but with the central crack of length 2a inclined with 
angle α is shown in Fig. 10. For an infinite plate subjected to a plane strain state, the analytical solution 
predicts, the following values of the stress intensity factors obtained by (Benvenuti, 2017) as: 

 𝐾  =  𝑃√𝜋𝑎cos 𝛼  ,                     𝐾  = 𝑃√𝜋𝑎 sin 𝛼 cos 𝛼 (12) 
 
    Table 1 shows the comparison between the results of stress intensity factors of present study to those 
from the analytical solutions of Eqs. (12). 
 
Table 1. Dimensionless stress intensity factor for slanted central crack. 

α Present study for 𝑲𝑰 Present study for 𝑲𝑰𝑰 Analytical solution for 𝑲𝑰 Analytical solution for 𝑲𝑰𝑰 

0 1.358285 0.058559 1.252996409 0 

20 1.105888 0.40761 1.106566169 0.402535401 

40 0.735175 0.617298 0.735725176 0.616903128 

60 0.3137386 0.547073 0.313825356 0.542895653 

90 -0.024982 0.000276 7.9457E-07 0.000997794 

 
     Fig. 13 shows the values of 𝐾  and 𝐾 computed for variable inclination α and crack lengths 2a = 
W/10. The green and blue squares denote for present values for 𝐾 , 𝐾 , the continuous blue and red lines 
denote the reference values Eq. (12), where for α = 0 the reference formula Eq. (12) has been exploited, 
being more accurate, and the blue and orange circles denote for (Benvenuti, 2017) results. 

 
Fig. 13. Comparison of 𝐾  and 𝐾 of CCT for variable inclination α and crack lengths 2a = 
W/10 between present work, reference values, and Benvenuti (2017) results. 

 
4. Conclusions 

     The finite element method is appropriate to model problems involving fracture due to crack 
propagation. Therefore, two-dimensional finite element method on linear elastic fracture mechanics 
concepts were used in this work. Crack growth rates and stress intensity factors distributions along the 
crack fronts play an important parameter in the crack propagation analysis. Based on that the historical 
value of the stress intensity factors for both modes has been evaluated and compared successfully to other 
numerical results with a good agreement. The numerical simulations demonstrate the capability of the 
developed program to perform crack growth simulation successfully.  
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